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Stimulated Raman scattering of intense laser pulses in air
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Stimulated rotational Raman scatteritf®RRS is known to be one of the processes limiting the propagation
of high-power laser beams in the atmosphere. In this paper, SRRS, Kerr nonlinearity effects, and group
velocity dispersion of short laser pulses and pulse trains are analyzed and simulated. Fully time-dependent,
three-dimensional, nonlinear propagation equations describing the Raman interaction, optical Kerr nonlinearity
due to bound electrons, and group velocity dispersion are presented and discussed. The effective time-
dependent nonlinear refractive index containing both Kerr and Raman processes is derived. Linear stability
analysis is used to obtain growth rates and phase matching conditions for the SRRS, modulational, and
filamentation instabilities. Numerical solutions of the propagation equations in three dimensions show the
detailed evolution of the Raman scattering instability for various pulse formats. The dependence of the growth
rate of SRRS on pulse duration is examined and under certain conditions it is shown that-gbset) laser
pulses are stable to the SRRS instability. The interaction of pulses in a train through the Raman polarization
field is also illustrated.
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[. INTRODUCTION with corresponding energied/; and W,, and an excited
state, e.g., an electronic or translational state, with energy
Recent advances in laser technology have generated trg¥;>W,—W;. In this paper we consider the nonresonant
mendous opportunities for applications which require thescattering process in which the central laser frequengy
propagation of high-intensity, short laser pulses through the* Q3;, 3, where Q,,=Q,—Q,, and Q, is the fre-
atmosphere. For example, free electron lagEELs) have  quency associated with state It is also assumed th#& s,
the potential for both high peak power and higher averagél;,> wo>wg, Wherewr=(),, is defined as the rotational
power than existing systems, along with a flexible pulse forfrequency. In this situation, state 3 is not populated and the
mat [1]. FELs capable of delivering megawatts of averagdaser excites a virtual state which can decay to produce the
power are in the foreseeable future. The pulse train of &tokes and anti-Stokes radiation. The generation of Stokes
MW-class FEL driven by a radio frequen¢iRF) linac will radiation consists of a transition from statb to a virtual
likely be characterized by individual pulses with durations ofstate followed by a transition from the virtual state to state
~1psec, peak powers in the GW range, separated bf2). In the process, a photon with frequensy = wy— wg Is
~1nsec. These short, high intensity laser pulses can uremitted. The generation of anti-Stokes radiation consists of a
dergo unique interactions with the atmosphere in which botliransition from stat¢2) to a virtual state followed by a tran-
linear and nonlinear processes play a central faleAs a  sition from the virtual state to statd), thereby emitting a
result of the high intensities, bound electron anharmonicityphoton at frequencw . = wy+ wg. Since the population of
(optical Kerr effect and stimulated rotational Raman scatter-state (2) is much smaller than that of staté) in thermal
ing (SRRY can affect laser beam propagation. Because o&quilibrium, the anti-Stokes lines are generally much weaker
the short duration of these pulses, group velocity dispersiothan the Stokes linel8].
(GVD) can also significantly affect propagation. Stimulated Raman scattering of laser pulses propagating
SRRS of a laser pulse in air is a qguantum mechanicalhrough air had been studied extensively in the 1980s for
process involving the excitation of the rotational states of thdonger (~nsec) laser pulsd§—10]. For altitudes below 100
molecular constituents of air by the laser pulse. It can be

characterized as an instability that scatters laser energy inti(a) Stokes Generation (b) Anti-Stokes Generation
multiple Stokes and anti-Stokes frequency bafg]swhich,

because of the dispersive properties of air, can propagate ¢ 3) Electronic
different velocities and at large angles with respect to the state
initial laser pulse, causing a severe distortion of the laser

envelope[4]. Theoretically, SRRS can be understood as a haw,

three-level interactior{3,5] through the energy level dia-
grams shown in Fig. 1. The molecular scatterer is assumed tﬁwo

have two rotational eigenstates,(the ground stajeand 2, h { o h { _ () Rotational
W 03
states
0))
*Present address: Northeastern University, Department of Electri- FIG. 1. Energy level diagram of Stokes and anti-Stokes line
cal Engineering, Boston, MA 02115. generation from a three-level model of stimulated rotational Raman
TPresent address: Icarus Research, Bethesda, MD. scattering(SRRS.
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km, the dominant Raman process for nsec pulses is due feer has been developed at NRL. Because the simulation is
scattering from N molecules involving the @) rotational  fully time dependent and self-consistent, it is capable of
transition from thel=8 to J=6 rotational states, while the modeling the transient short-pulse Raman interaction and the
molecule remains in the vibrational ground stgt&]. For a ~ consequent generation of broad multiwave spectra, as well as
linearly polarized laser with wavelengthm, experiments the more standard, long pulse interaction. Simulations are
using nsec pulses indicate that the Raman gain coefficient i4s€d to model in detail the propagation of laser pulses of
~2.5cm/TW[7]. The observed Raman shift for thggp  Various formats undergoing SRRS and the dependence of the
rotational transition is 75cmt (wr~1.4x108sec?) ~ Ramaninstability growth rate on laser pulse length is inves-

while the characteristic relaxation time for excited states idi9ated. The atmospheric propagation of a pulse train is also
typically 0.1 nsec at sea levgd]. A number of more recent considered. In one example, a pulse train characteristic of a

experimental studies have employed ultrashertLQ0 fsec) _I\/IW-cIa_ss FEL is modeled. Numerical results_illu_strat_e the
laser pulses to investigate Raman scattering in air and var/lt€raction of pulses through the Raman polarization field.

ous gasseEL2]. In particular, the gain coefficient and damp- This paper is organ!zed as fqllows. In Sep. [l the nonlinear
ing rate have been measured and found to be different froritmospheric propagation equations are derived. The effective

those appropriate for longer pulses. The Raman scatteringPnlinear index due to the Raman process is derived in Sec.
process for short pulses in air is expected to be markedy/!- Section IV analyzes the various small signal gain mecha-

different from long pulse scatteriid3,14. For example, the NiSMS mcludeq in the the_oretlcal mod_el, |.e..,.s_t|mulate<.j Ra-

spectral width of a picosecond FEL pulse is comparable witdnan: modulational, and fllamentat|qn mst_abﬂmgs. Section V

the typical rotational frequency. Hence there is an apprep'resents the resultslof the numerical simulations. Conclu-
ciable signal at the Stokes frequency from the onset. Henc&iONS are presented in Sec. VI.

the number of e-foldings that the Stokes wave must undergo

before it becomes comparable with the carrier signal ampli- [l. NONLINEAR PROPAGATION EQUATIONS

tude is reduced relative to the number of e-foldings required
for a longer nanosecond pulse. Group velocity dispersion is

also important for picosecond pulses propagating kIIOmete?esses which include diffraction, group velocity dispersion

distances in air. The longitudinal spreading and frequenc ) . A
redistribution associated with group velocity dispersion Canc(i?a\\t/eDd) ’vv?trr]]dbgmltljnglaergtﬁsngL;?]éosiirﬁutl):tlggZrﬁglc:er::l]:lg?;:r?]c;n
affect the Raman process.

In a pulse train, intrapulse interactions may also modifyscattenng. A general equation describing the atmospheric

the Raman process. The leading pulses can excite molecul Fopagatlo_n of a_laser pulse Sl."blea to thes_e e_ﬁ‘ects_ls out-
rotations which have a finite relaxation time. If the pulse meo! in this section. The dEta.”S of _the_ derivation will b_e
separation in time is not large compared with the relaxrcltionrfUbIIShecI elsewhe.re._The startlng point is the wave equation
time, subsequent pulses will encounter a perturbed mediu or the laser electric field(r,t), given by
which could either enhance or suppress the Raman interac- 2 1 2 A7 2P
tion of the trailing pulse. (Vf + —— = —3|E= — —, (1)
One purpose of this paper is to present and discuss a dz°= ¢ ot ce ot
theoretical model that takes into account these and other pro- - _ )
cesses that govern the propagation of intense, short las¥ereVi is the transverse Laplacian operator ants the
pulses in air. A closed system of equations is derived thagoordinate in the direction of propagation.
describes the three_dimensionaL fu”y time_dependent propa- The pOlarization field is written as the sum of a linear and
gation of a laser pulse along with the self-consistent evolunonlinear contributionP=P_+ Py, . The laser electric field,
tion of the rotational Raman polarization field. The propaga-E(r,t) is written in terms of a complex amplitude and a
tion equation also includes the effects of group velocityrapidly varying phase, i.e.,
dispersion, bound electron anharmonicigptical Kerr ef- ) )
fect), and nonparaxial propagation. In some limits an analyti- E(r.t)=A(r.t)exdiy(zt) ]2+ c.c., )
cal form for the effective nonlinear refractive index can be ) ) )
derived. For laser pulses that are short compared with th@hereA(r,t) is the complex amplitude)(z,t) =koz— wot is
rotational period, this index is simply due to bound electronth® phasek, is the carrier wave numbew, is the carrier
anharmonicity since the rotational levels cannot be excitedffequency,g is a transverse unit vector in the direction of
For longer laser pulses, the Kerr and Raman effects botRolarization, and c.c. denotes the complex conjugate.
contribute to the nonlinear index and are of the same order A closed system of equations is obtained by expressing
[15]. the polarization field in terms of the laser electric field am-
Turbulence and ionization' which can also be importan'[p”tude A. The ”near pOlarization f|e|d mOdifieS the refrac-
effects in the propagation of short, high-intensity pulses, ha§ve index while its derivatives with respect to frequency lead
been discussed in other related ar“(ﬂéﬂS] For the pur- to temporal diSperSion. The nonlinear polarization field is a
pose of this study, however, these other effects are neglecté@nsequence of bound electron anharmonigitgrr effec
in order to isolate the Raman process. and molecular rotatiofistimulated Raman scattering effect
Afull-scale, three-dimension&BD) numerical simulation In terms of the linear susceptibility, (w), the linear polar-
which solves the propagation equations presented in this pazation field isP ()= ¥, (»)E(w), where the overhat de-

An intense laser pulse propagating through the atmo-
phere is subject to a number of linear and nonlinear pro-
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notes the temporal Fourier transform. The amplitude of the I1l. NONLINEAR INDEX DUE TO RAMAN
nonlinear polarization field can be written as a sumPgf AND KERR EFFECTS

due to the optical Kerr effect of bound electrons d&hgddue

to stimulated Raman scattering from3 holecules. The non-
linear Kerr and Raman polarization fields are, respectively,

The Kerr and Raman nonlinearities contribute to the re-
fractive index and can thus affect the propagation of the laser
pulse. The Kerr nonlinearity is associated with self-phase

cn2n modulation and nonlinear self-focusing, while the stimulated
Pr(r,t)= ﬁlA(r,t)leu,t), (3a) Raman process can lead to the generation of multiple Stokes
and anti-Stokes waves which can propagate at large angles
with respect to the propagation axis, thus scattering the laser

Pr(r,0)=xLQ(r,DA(r,1), (3D)  energy{4]. In this section the total nonlinear refractive index

with both Kerr and Raman contributions is derived.

Retaining only the nonlinear propagation terms, and tak-
ing the one-dimensiondflD) limit (V, =0) Eq. (4) can be
written as

whereny is the nonlinear index coefficient due to the Kerr
effect, x, =X (wg) is the linear susceptibility evaluated at
wq, andQ(r,t) is the unitless Raman polarization function
which satisfies Eqg5) given below. Using Eqq1)—(3), the

following propagation equation can be derivesgte Appen- IA(z 2
H . . 17.) _ 2 2 wO
dix A): 2|kOT——[n (Z,T)—no]?A(Z,T), (6)
J (92 2
Vi+2ikg 7 v, 707 koﬁzﬁ> A(r,7) wheren is the total refractive index in configuration space

andng is the linear index. The total time-dependent nonlin-
ear index is identified as

2 2
wg [ cngng
?< 8 |A|2+27TxLQ(r,r))A(r,r)-

27X,
@ an(z,1)=n(z,7)—ne=ndl (2.1 + =-QZ7) (7
0

_ _ 1/2
ll_n Eq. (4]2’ k‘z._ n‘?((g(’)wo/c’ n."(‘t')r:’)_(lJr‘lml(L).t 'j the \hich contains contributions from both the Kerr and Raman
inear refractive index, ang, is the group velocity disper- g0 o 1) Eq.7), I(z,7)=cng|A(z,7)|?/87 is the laser in-

sion (GVD) parameter. In writing Eq(4) the independent tensity. In the IimitQ§<QQO, where Q= uAo /% is the

variables ¢, t) have been changed to the pulse frame vari-J_ " . : o .
. . . ~ Rabi frequency associated with the peak electric field ampli-
ables ¢, 7) wherer={=2/vq, vg is the linear group veloc tude,A,, the population inversion associated with stimulated

ity of the laser pulse, an@;=v4/c. For air at one atmo- ; N
sphere and laser wavelengths)of 1 um, we note thaiy, nggz rsecsat;[)enr;re]:gfucri:rjciobne f?gges(gf, ?n I\gﬁwa) é’ ?\?edn tg €
~5x10° and 8,~1.6x10 3! seé/cm. Equation(4) de- L6 P ’ 9 159 Y

scribes the 3D propagation of a laser pulse in a dispersiv
nonlinear medium, characterized by the GVD paramgter 2
. T . n 1l (7
nonlinear refractive indexy (Kerr effecd, and stimulated Q(z,7)= _z_f dr’ exg —To(7—7)]
Raman response functid(r, 7). heQ Jo
Stimulated Raman scattering can arise through the inter-
action of the laser with the dipole moments of the molecular

constituents of aifprincipally N, and Q). The interaction I TP
. . The contribution of the Kerr effect to the polarization field is
may be analyzed quantum mechanically using a three-lev%ird order in the field amplitude. Howef)ver as seen from

model[3,5,19. The resuit of this analysisee Appendix B r{Eqs.(S)—(?), the Raman polarization field also has a contri-

's a pair of equation§ fqr the.Raman.respon_se functio bution which is third order in the field amplitude and thus

Q(r,7) and the population inversion functioh(7) given by can contribute to the nonlinear refractive index at the same
7Q order as the Kerr effect. In the absence of Raman effects, the
5z Q§Q+ 2T, WIA|?, (5a) Kerr nonlinearity by itself can produce a modulational insta-
J bility when the GVD parameteg,<0 [17].

9,0 As an example, consider a constant amplitude laser pulse

W _ plh (£+F Q)|A|2—F (1+W), (sp) With durationr . The field amplitude can be written &

It wrQ \ar 2 ! ' =Ag[O(7)—0O(r—7)], where r=t—z/c. From Egs.(7)

and (8), the nonlinear index within the pulse, i.e.<G

where Q5= wi+13, wg is the fundamental rotational fre- < is sn=n,,|, where the effective coefficient of non-

quency, u is the effective dipole moment;; andI'; are linearity is given by

phenomenological damping ratds,(is the population relax-

ation rate and’, is the dipole dephasing ratand Q= 3, NyL=Nk+Ng{1—e "2 cog wgr) + (', / wg)SiNwgT) 1},

~()3; is the frequency associated with transition from a

higher energy virtual statéstate 3 to one of two lower en-

ergy rotational stategstates 1 and )2 with

xsiMwg(7—7)]|A(z,7)|?. 8

9Q ©? wr
o K2 Q
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, orp . W w |7 Q5
Nng=(4m/ngy) g —Q—hzﬂoc. (10 Gizl?(livvg) nK+nR_2—QO—w212iF2w I,
(15
In the long pulse limit ¢>1/T",), the total nonlinear coeffi-
cient is given byny =ng+ng, i.e., ng represents the effec- (koﬁzwz—kf+2k0;<o)
tive coefficient of nonlinearity due to Raman effects. For Ak=2Ko= — (1= o?k?) (16)
pulses short compared with the characteristic Raman times 0 079
(7<1llwg, 7<1/T'y), the nonlinear refractive index is due t0 and x,= wo(ny+ng)l,/c. In deriving Egs(14), the disper-
purely the bound electron response, g =ny . sion relationsko=nyw,/c and
IV. GAIN MECHANISMS A KoB2w?—kZ + 2Kokg an
T 2ko(1x wlkouy)

Equations (4) and (5) can describe several physical
mechanisms by which small amplitude perturbations on a4 invoked. The general solution of E¢4) is (see Ref[3]
laser beam can be amplified. In this section, a linear stability, Appendix ¢
analysis is used to derive the growth rates for the stimulated
Raman instability, modulational instabilitgMI), and fila- A_(z)=[a, exp(g.2)+a_ expg_z)]expiAkz/2),
mentation instability(FI). To proceed with the analysis, the
laser electric field amplitude and the Raman oscillator func-
tion are perturbed about a unifore€W) equilibrium, i.e., A*(z)=[b, exp(g,z)+b_expg_z)]exp —iAkz/2),
A=Ay+ 6A andQ=Qy+ 8Q where the equilibrium quanti- (19
ties are given by

where the constants.. andb. denote the complex ampli-

iwéno tudes of the eigenmodes whose growth rates are given by
Ao(2)=|Aq|ex W(nK+nR)|Ozi 1Y
gi=1 G_+G*+|(G_+G*)?
Qo=noNgl o/(2mx1), (12 2
Ak 1/2
wherel o= cng|Ag|?/8 denotes the pump intensity. By equi- —2iAk| G_—G* —i —” ] (20)
librium, it is meant thaig|Ag|?/9z=0 so that the pump in- 2

tensity remains constant. The perturbed quantities are writtelﬂhe constants,,. andb, are related by

in the form
SA(z,7)=A_(z)exd —i(k x+k_z—wT)] b+:<g++i(AGk/2)_G)a+, (22
+A, (2exdi(k x+k, z—wr)] (133 )
and can be written in terms of the initiat€ 0) amplitudes
and A_(0) andA.(0) as
8Q(7)=3{Q(2)exd —i(k, x~ 07)]+Q*(2) a.=7 f {[9++i(AKk/2)~G_]A_(0)~G_A*(0)},
xexdi(k, x— o]}, (13b 979 (22)

where A_ denotes the Stokes wave amplitude, denotes _

the anti-Stokes wave amplitude, andk, , andk. are real. b= 9 =3 {[g=+i(AkI2)-G_]A%(0)+GLA_(0)}.
In the analysis that follows, it is assumed thaiA| T (23)

<|Aol|, and that there is negligible population inversion, i.e.,

W= —1. Linearizing Egs.(4) and (5) with respect to the We now consider several limiting cases of E(fs8)—(23).

perturbed quantities, the Stokes and anti-Stokes fields are

found to satisfy the coupled equatiofsee Appendix € A. Stimulated rotational raman scattering (SRRS

oA, (2) Stimulated Raman scattering, in general, is associated
=G, [AL(2)+A*(2)expiAkz)], (143  with the generation of both StokéBequency down-shifted
and anti-Stokegfrequency up-shiftedradiation. For laser
WA (2) pulses with durations much longer than the rotational period,
-\4_ * ; the conversion of energy from the carrier fi¢fgtimp to the
Jz =G [A-(@+AL@)exiAkz)], (14D Stokes and anti-Stokes sidebands proceeds as a parametric
instability in which the Stokes and anti-Stokes waves can be
where strongly or weakly coupled. For a CW pump, E¢&0) and

=+

Jz
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(21) can be used to obtain simple expressions for the Ramai 1
growth rates in the strongly coupled and weakly coupled

regimes.

For rotational Raman scattering in air of lasers with wave-

length~1 um, itis a good approximation to takg~c and
0p<wgy. It is also a good approximation to set=(), to

obtain the peak growth rate. With these approximations, thes, (.4

coefficientsG.. reduce to

Gtmieo(liig)(liﬂolwo)il, (24)

where Go=nglo(Qo/2I',) (wq/cC), and 1)
=(ng/ng)(2I',/Q,). For rotational Raman scattering in air,
6<1. Using Eq.(24), the growth rates reduce to

2

Qo
g+~—Gyg—(1+id) %
wo

el 14is
Ow_o( i)

Ak 2Go(1+i6 AK] | 25
5| 2Go(1+i )_T : (25

where the phase mismatch parameter from #§) is
Ak=(K?/kg) — B2Q3— 2ko(Qol wg)?. (26)

In the limit of large phase mismatciAk>G) the Stokes

0.8
UQ 0.6
0.2
0
0 5 10 15 20
10° 8 [rad]

FIG. 2. Growth rate vs propagation angle fdto=—10"3, 0,
2% 102 where the frequency mismatch is defined Ae=(w
—4)/Qq and the angle is measured with respect to tlzeaxis.
The growth rate is calculated using E0) with ng=ny=3
X107 cm?/W, Qo=1.4x10%sec?, T',=10"sec’?, B,=1.6
X 1073t Z/em, 1=10" W/cn?, A=1 um.

with the eigenmode amplitudes given by /a.~—15[1
—i sgn(Ak)](2|Ak|/G). Hence, the strongly coupled regime
is characterized by reduced growth with the Stokes and anti-
Stokes waves having roughly equal amplitudes.

In the limit of perfect phase matchingok=0) there is no

and anti-Stokes waves are weakly coupled and the growtgXPonential growth, i.e.g, =0, g_=—2G{}/wy, and

rates for the various eigenmodes are given by
g+~ FsgnAk)Go=xi(|Ak|/2). (27

Hence, the quantitBy=ngl o(Qo/2I"5) (wy/c) is the spatial

growth rate for the Raman instability in the weakly coupled

b./a.~—1. The conditionAk=0 defines the propagation
angle for perfect phase matching, i.e.,

QF  (ng+nR)lo( Q)2
cosfy~1— ﬁzzkoo_( « nOR) O(—O) , (29)

o

regime. For a CW pump laser, the Raman gain coefficient,

defined agy=G,/ly, can now be expressed in terms of the

Raman index, i.e.go=ngr(Q¢/2I',)(wq/c). For a long
(~nsec) laser pulse with-1 um wavelength, the experi-
mentally determined value for the gain @gg=2.5 cm/TW
[7]. For wg~1.4x10% sec' ! andI',~10 sec ! [9], the
nonlinear index for the rotational Raman processesds
=5.6x10 2% cm?/W [15].

where the angle is defined with respect to #haxis and it
has been assumed tHat. | <k, andQ,/c<k,. For a laser
with wavelength 1um and intensityl ,~ 10" W/cn? propa-
gating in air, the group velocity dispersion term in Eg9)
provides the dominant deviation from unity; the magnitude
of the phase matching angle is typically~2x 10" ° rad.

For Ak>0 in the weakly coupled regime, the Stokes and  Figure 2 plots the growth rate versus propagation angle

anti-Stokes amplitudes, from Eq21), are related by
(by/la)=~i(Ak/IGy)>1 andb_/a_~—id—0, indicating
that the exponentially growing modexp~(g_2)] is prima-
rily composed of the Stokes wave, i.e., f@yz>1, the
Stokes and anti-Stokes waves are given By (2)
~a_ expGy2) and A% (2)~b_ expGyg)exp(—2iAka), with
|A_|/|AL|>1. Similarly for Ak<O0, we find (. /a,)~
—i6—0, and p_/a_)=~i(Ak/IGy)>1, indicating that the
exponentially growing mode~e%+?) is again dominated by
the Stokes wave.

In the limit of small phase mismatch, i.654(Qq/wq)

for various values frequency mismatdfw=(w—Q4)/Q.

The growth rate is calculated using EQO) with Q,=1.4

x 108 sec?, I',=10%sec !, ng=nc=3x10"1° cé/W,
B,=1.6x10" 3 seé/cm, 1,=10" W/cn?, and A=1 um.

The angle at which the growth rate goes to zero corresponds
to the condition for perfect phase matchingk=0). At
resonance L w=0), there is a small, but nonzero growth
rate for direct forward scattering. As the propagation angle
increases from zero t6,, the growth rate decreases. As the
angle increases beyoné, the growth rate increases and
saturates at the maximum values G, which corresponds

<Ak<G, the Stokes and anti-Stokes waves are stronglyo the regime where the Stokes and anti-Stokes waves are
coupled and the growth rate is reduced relative to the undecoupled. For frequencies slightly below resonance, there is

coupled regime. The growth rates are given by

g.~+[1-isgnAk)](2|AkIGy) ™ (28)

a local maximum in the regior9>#6,. For frequencies
slightly above resonance, a local maximum can occur in the
region 6<< 6.
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B. Modulational instability (MI) f(T)

In the absence of the Raman effect, a modulational insta- 4
bility [17,18 can occur in regions of anomalous dispersion, .
i.e., whenB,<0. This instability results from a longitudinal < >i—p
compression of energy due to the interplay of self-phase '
modulation (Kerr nonlinearity and group velocity disper- 1
sion. To derive the growth rate for this instability, we set
ng=0 and assume < w,. With these assumptions, E@O)
reduces to

sin®(77/7,)
1/2

(30

v

1 k2
K(Z)_Ko_ _(ﬂzwz_ _l)

Ko

r

Settingk, =0, Eq.(30) shows that a modulational instability front back

is possible Wherlg2<0 and O<|.C')|<‘éﬂ.)|v|| , Where wy, FIG. 3. Schematic diagram of the initial longitudinal laser en-
=\2ko/|B,] is the frequency shift at which the growth rate velope profile used in the simulation results shown in Fig. 4 and
is maximum. Foro=* wy,,, we haveg.==* k. For the Figs. 6-10.

exponentially growing ¢) mode, Eq.(21) yields, a, /b

~i, which indicates that the Stokes and anti-Stokes signalg,gimes as described in Sec. IV A. To facilitate the compari-
asymptotically have equal amplitudes, but are out of phasgon petween analysis and simulation, the transverse variation
by /2. of the laser envelope was neglected. The parameters describ-
ing the Raman medium are taken to ber=1.4

C. Filamentation instability (FI) X102 sec?, I',=2x 10" sec !, nc=5.6x10"1° cn?/W,
ng=10 " cm?W, and B,=1.6x10 3! s’/cm. These pa-
rameters are similar to those of air except that the damping
rate I', is a factor of 20 larger and the Raman index is a
factor of 100 larger than the measured values for long
(~nsec) pulses. These parameters were chosen to properly
resolve the long pulse limit in which the analysis is valid
and, at the same time, keep the simulation run time from
becoming prohibitive. The initial laser pulse envelope is
given by A(z=0,7)=(Ag+ 6A)f(7). The functionf(7), il-
lustrated in Fig. 3, describes a longitudinal pulse profile with
rise and decay times of,, and a constant mid-section of
durationr_. For the benchmarking simulations, the rise time

A numerical simulation based on solving Ed) together ~ 7o=70Tr, and the pulse duratiom =100Tg, where Tg
with the stimulated Raman response given by HEfshas =27/ wr. The pump laser has wavelength=1 um. The
been developed at NRL. The simulation renders the lasdhitial (z=0) perturbationsA has the form of Eq(13a with
pulse envelope on a three-dimensional Cartesiayy,f) K =0, w=wgr, A, =—A_, and|A.[/A,=10"".
grid. The laser pulse is advancedraccording to Eq(4) According to the analysis of Sec. IVA, the coupling be-
using a split-step spectral methi8] in which the linear tween Stokes and anti-Stokes waves is determined by the
terms are advanced in Fourier space and the nonlinear terniglio |Ak|/Gg. For these simulations, this ratio is varied by
handled in coordinate space. The equations describing tHéhanging the laser intensity. The amplitudes of the Stokes
Raman response are solved at eactep by a fourth-order and anti-Stokes waves are determined by taking a Fourier
Runga-Kutta integration. The following simulation@) transform in7 of the laser envelope within the flat region of
benchmark the numerical simulation with the analysis ofthe pulse away from the leading and trailing edges where
Sec. IV, (b) address the effects of pulse duration on Ramariransient effects could affect the comparison between theory
gain, (c) show the 3D evolution of laser pulses under theand simulation.
influence of Raman scattering, atd) illustrate the inter- Figure 4 shows the results of simulations of the Raman
pulse Raman interaction of a pulse train. The laser pulséhstability in the weakly and strongly coupled regimes. For

parameters used in the following examples are characteristif€ simulation in the weakly coupled regirfiig. 4@)] I,
of a rf linac-driven MW-class FEL. =2x10° W/cn?, corresponding tdAk|/Gy~64. For the

strongly coupled regimdFig. 4(b)], 1o=2x10® W/cn?,
corresponding tdAk|/Gy~0.06. In both cases the growth
rates obtained from the simulation are in excellent agreement
The first set of simulations establishes the validity of thewith the analytic result given by E§25). It is also consistent
numerical code by recovering the correct analytic propertiesvith the analysis that in the weakly coupled regime, the am-
of the Raman instability in the strongly and weakly coupledplitude of the anti-Stokes wave is much smaller than that of

The filamentation instability results in the transverse
break up of a laser beam into filaments due to the self
focusing effect of the Kerr nonlinearity. The growth rate for
the FI can be obtained from E¢30). Setting3,=0, it is
found that an instability exists for wave numbers (K, |
<v2kg, , wherekg,=+/2kkKg is the transverse wave number
at which the growth rate is maximum. F&r = =kg, the
growth rate isg- = * kq. Using Eqg.(21) it can be shown
that, similar to the Mla, /b, ~i at maximum growth.

V. NUMERICAL SIMULATIONS

A. Benchmarking of the numerical code
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FIG. 5. Results of 1D simulations showing the dependence of
-4 the growth rate of the first Stokes line on the pulse length for

Gaussian pulses. The peak intensity is varied with the pulse length
to keep the fluence constant.

-6

log,(A + /A )

which is proportional to the pulse energy, constant. For ex-
10 20 30 40 50 ample, in these simulationsa 1 psec pulse would span
G,z wgrT [2m=2.7 rotational periods and have a peak intensity
of 10° W/cn?. For pulses that are long compared with the
Raman period ¢r7 /27m~20), the initial Fourier width of
the laser spectrum is narrow compared with the rotational
frequency. Hence, initially there is a much smaller amplitude
signal at the Stokes frequency for longer pulses compared
ne= 1018 cm?/W, and3,=1.6x 10-3 /cm. Laser pulse param- with shorter pulses cQRTL/27-r~1)_ which have a broader
eters are A=1pum, 7,=70Tg, and 7, =100Tg, where Tg spectrum. In the I_ong pulse regime, t.he Stpkes wave can
—2mlwg. The peak laser intensity Is=2% 10° W/cn? for panel urjdergo~9 g—foldmgs befor_e its amplitude is comparable
(@) and | y=2x10° Wicn? for panel(b). The solid curve denotes with the a_mphtude of the main Iasfer, as opposc_ad to the short
the corresponding analytic Stokes amplitude with the growth ratdulSe regime where only-4 e-foldings are required. As the
given by Eq.(25). pulses propagate, exponential growth of multiple Stokes
lines and lower amplitude anti-Stokes lines shifted from the
the Stokes wave, while in the strongly coupled regime, thecentral laser frequency by harmonics«§ are observed. To
Stokes and anti-Stokes waves have comparable amplitudesletermine the Raman growth rate, the amplitude of the first
In other simulations, the results of which will be pub- Stokes line is measured as a function of propagation distance
lished elsewhere, the transverse dynamics of the numericaid fit to an exponential function. Figure 5 summarizes the
code were also successfully benchmarked by comparing thesults of these simulations. The growth rate is seen to in-
growth rate of the filamentation instability with the analysis crease as the pulse length decreases faggn, /277> 20 to

-7i@
0

FIG. 4. Normalized Stoketo) and anti-Stokes{) amplitude
vs normalized propagation distance (& the weakly coupled re-
gime (Ak|/Gy~64) and (b) the strongly coupled regime
(]Ak|/Gy~0.06) obtained from 1D, long-pulse, simulations with
Qo=1.4x10"sec !, I',=2%x 10" sec’?, ng=6x10"1° cm?/W,

of Sec. IVC. wr7 [27m=10. For these longer pulses, transient effects are
unimportant and the increase in the growth rate is due to the
B. Effect of pulse duration on Raman gain laser intensity, i.e., the source term for the Raman polariza-

The next set of simulations shows the effects of pulsetlon field, increasing as the pulse length is made shorter. A

duration on Raman growth in the linear regime for singledramatlc reduction in the growth rate is observed when the

pulses. To isolate effects due to the Raman process, “negplse duration becomes comparable with or less than the

. . . ' rotational period. There are a number of factors which lead
diffraction and the nonlinearity due to bound electrdtise . L )
. s ' . . to this reduction in the growth rate. First, these shorter pulses
Kerr nonlinearity is neglected in these simulations. The . : . . . ) .

. RN , are in the transient interaction regime in which the pulse
paraxial approximation is also made so that the term in Eqduration is shorter than the temporal growth rate of the Ra-
(4) containing the mixed derivative is neglected. Group V€ man instability. Second, grou \E)elocitg dispersion for these
locity dispersion, which is important for short pulses, is re- Y. » group y dISpersi

short pulses tends to spread the pulse longitudinally and de-

tained. . - ;
The initial pulse envelope is taken to be Gaussian in the?rzgaszr;gi 'gé?;r?;tgﬁé?]efﬁ%y decreasing the source term for

temporal coordinate, i.eA(z=0,7) = Ag exp(—7/7.) with no
transverse variatioflD). The laser wavelength =1 pum.

The parameters describing the Raman response are taken to C. 3D simulations

be wg=1.4x10% sec'!, I',=10"sec !, and gain coeffi- When the transverse variation of the laser envelope is
cient G=25cm/TW. The GVD parameterB,=1.6 included, the stimulated Raman scattering process can be
X 10 3! seé/cm. affected by a number of other 3D effects. For example, phase

In what follows, the pulse duration and peak intensity matching conditions for the Stokes and anti-Stokes waves
|, are varied, keeping the produetl,=10 % W s/cnf, can cause them to propagate at large angles with respect to
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FIG. 7. (Color) Raman polarization functio®, associated with
FIG. 6. (Colorn) Laser intensity contours in air as a functionof  the |aser pulse shown in Fig. 5 as a function7oéind transverse
and transverse positiorx) at propagation distances) z=0, (b)  position (x) at propagation distancés) z= 10 km, (b) z=20 km,
z=20 km, and(c) z=30 km for a laser pulse with an initial Gauss- and(c) z=30 km.
ian transverse profiler(=15 cm) and longitudinal profile indi-
cated by Fig. 4 witthh=1 um, 7,=0.1 psec,r =10 psec, and,
=10" W/cm?. nonlinear Kerr self-focusing power dPge=\?/(2mwngn)
~5.9 GW due to the bound electron nonlinearit§9].

the laser propagation axis, thus scattering the laser energiience, the peak power for the 10 psec pulse example is
Also, nonlinear self-focusing can enhance the Raman proce$glow the threshold for nonlinear self-focusing, while for the
by increasing the laser intensity on axis. These effects will bd psec pulse example, it is above. Experimental determina-

illustrated in the following set of 3D simulations. tion of Pg¢ for short pulses is discussed in REZ0].
For the 3D simulations, the initial laser pulse envelope is
given by A(z=0r,7)=Agexp(rirdf(n), where r 1. Long-pulse example
= x?+y? is the radial coordinate. The functiof(7) is Figures 6 and 7 show, respectively, the contours of the

shown in Fig. 3. The rise timery=7/2wg~0.1 psec, is intensity and Raman polarization functidd in the (7,x)
chosen to be comparable with the rotational Raman periochlane f/=0) for the 10 psec £, wg/27=25) pulse at vari-
The transverse profile is a Gaussian with spot sizeFor  ous propagation distances. The duration of the initial pulse
these simulations, all of the terms in Eg) are retained. In  (z=0) is long compared with the rotational Raman period,
the two examples presented in this section, we compare thghile the rise time is one-quarter of the rotational period.
propagation of pulses with durations of 1 psec and 10 psedhis initial configuration is favorable for the Raman instabil-
For both examples, the initial laser pulse has wavelength ity since the sharp rise time optimally excites the Raman
=1 um, spot sizero=15 cm, and an energy of35mJ. polarization field and the long pulse duration contains many
For the 10 psec example, this corresponds to a peak power oftational periods. Figure (& shows that the polarization
3.5 GW and a peak intensity of 1@V/cn?. For the 1 psec function Q is during the early phase of the instability is
example, the peak power is 35 GW and the peak intensity isainly localized near the axis of the laser pulse and rises in
108 Wicn?. amplitude from the front of the pulse to the back. At
The nonlinear refractive indicies associated with the=20 km, the laser intensity is strongly modulated at the ro-
bound electron anharmonicty and Raman process are takeational frequency. From the front to the middle of the pulse,
to be equal, as indicated by previous short-pulse experimenthe modulations increase in amplitude. Towards the back of
[12], i.e.,nk=nr=3%10"1° cm?/W. This corresponds to a the pulse, the on-axis intensity decreases as laser energy be-
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FIG. 8. Frequency spectrufon axi9 of the laser pulse of Fig. 10 1
5 at(a) z=0 and(b) z=20 km, and(c) z=30 km showing promi- -201 ||
nent growth of first and second order Stokes lines. 2 -1 (Z)'[psec]l 2 3
gins to be scattered off axis. As the pulse propagates, th L
modulations appear to move forward with respect to the z=8km
original laser pulse. The Raman polarization field become: 20; d
broader in transverse extefitig. 7(b)] and continues to in- _ 10 (d)
crease in amplitude as the instability develops. By g ol Lo s
=30 km, the intensity modulations, which were initially ¥ j ‘
strongest at the back of the pulse, have grown in amplitud  -10|
and have moved to the front of the pulse. The modulation _5(!
which is characterized by a longitudinal bunching of the la- -2 -1 0 1 2 3
ser energy, causes the peak intensity on axis to become larg.. 7 [psec]

by a factor of 4 with respect to the initial intensity. Scattering

f fthe | f axis is al ident. with th FIG. 9. (Color) Laser intensity contours in air as a functionof
of Some of Ihe laser energy Off axis IS also eviaent, wi €and transverse positiorx) at propagation distancdg) z=0, (b)

a_ngle c_>f scattering roughly five times larger tha_n th_e Vacuuny _ o 4 km. (c) z=5 km, and(d) z=8 km for a laser pulse with an
diffraction angle. Atz=30 km, the Raman polarization field i,itia| Gaussian transverse profile,=15 cm) and a longitudinal
continues to broaden transversely, but becomes highlysfiie indicated by Fig. 4 witha=1um, 7,=0.1 psec, 7,
peaked on axis. _ . =1 psec, and,=10° W/cn?.

Figure 8 shows the evolution of the on-axis laser spec-

trum for the 10 psec pulse. The initial spectrum is narrow_. . : .
compared with the rotational period. The initial signal at the 'S properties of air at-1 um, have a larger group velocity

Stokes frequency = — is two orders of maanitude than the main laser pulse. Hence, the prominent growth of
quencyrw= - wg, IS W 9NItUde * yhe sStokes wave is consistent with the observation that the
smaller than the main pump signal at the laser frequenc

Aw=0. At z=20 km, the pump signal has decayed by aYaser intensity modulations travel forward with respect to the

factor of 3, and the Stokes wave amplitude has grown to gulse.
comparable amplitude. The emergence of a much smaller
amplitude second order Stokes linedab= —2wg and first

order anti-Stokes line atAw=wg iS observed. Atz The first short-pulse example is for a-1 psec
=30 km, a broadening of the carrier, Stokes, and anti-Stoke6r, wr/27=2.5) laser pulse with the same spot size and en-
lines is observed. The amplitude of the Stokes line is greategrgy as in the long-pulse example discussed previously. Fig-
than that of the pump. It is evident that the intensity modu-ure 9 shows the intensity contours for the short pulse in the
lations shown in Fig. 6 are associated primarily with the(t,x) plane aty=0 for propagation distances af=0, 0.4
lower frequency Stokes wave, which because of the dispekm, 5 km, and 8 km. Atz=0.4 km, the pulse becomes

2. Short-pulse examples
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05 z=0km dispersion which resulted in an almost symmetric longitudi-
ol @ nal spreading of the entire pulse and a corresponding de-
crease in peak intensity. The pulse duration was observed to
double after propagating 0.5 km.

-0.5
-1

Lh/y A

-1 0 1 2 3

D. Raman scattering in pulse trains

z=5km The following simulations illustrate the interpulse interac-
0.5 tion of a pulse train characteristic of a MW-class FEL. In a
S 9 ® pulse train, the Raman polarization field excited by the lead-
S 05 ing pulses can affect the propagation of trailing pulses pro-
a ! vided that the pulse separation is not much greater than the
= -15 m characteristic Raman relaxation time, which, in the absence
25T % ] 5 3 of significant population inversion, is given byI'l/. For
pulse separations less thanl'l/ the Raman polarization
z=8km fields excited by a train of pulses can interfere constructively,
0.5 thus amplifying the field and providing a greater seed for
o © instability in trailing pulses. For the pulse train of a MW-
-0.5 class FEL generated by a RF linac, the pulse separation is
-1 expected to be about 1 nsec, which is 10 times the relaxation
-1.5 time. Hence, for this pulse configuration, interpulse interac-
S S —1 5 7 5 3 tions are expected to be negligible, although more detailed
experimental measurements of the Raman relaxation time for
Aw/ @, ~psec pulses are required to verify this. For the purpose of
FIG. 10. Frequency spectrufon axig of the laser pulse of Fig. this study, we ConS|_der ;eparauon timesQ.2 nsep) compa-
7 at(a) z=0 and(b) z=5 km, and(c) z=8 km. rable to the relaxation time to enhance pulse interaction ef-

fects.

modulated due to the longitudinal spreading out of the front Because of computational limitations, these simulations
and trailing portions of the pulse by group velocity disper-are carried out on a two-dimension@p), (7,x) grid. The
sion. The modulation frequency in this early stage of propaPulses are slablike, varying transversely in only one coordi-
gation is noticeably larger than the rotational frequency. Anate. In this situation the nonlinear focusing properties can
growing modulation at the rotational frequency becomes apdiffer significantly from fully 3D simulations when the
parent az~ 1 km. Atz=5 km, the laser intensity is strongly Propagation distances become comparable with the nonlinear
modulated at the rotational frequency and has gained a factd@cal length given byZy =Zg/Po/Pse—1 [19], where
of ~2 in intensity on axis. Similar to the long-pulse ex- Zr=nNomr§/\ is the Rayleigh length, an®, is the peak
ample, the modulations appear to travel faster than the maipower. Hence, we consider examples where the pulse power
laser pulse. Az=8 km, the modulations have surpassed thePo<Pgg (to avoid Kerr self-focusingand propagation dis-
front edge of the main laser pulse causing an apparent lofancesz<<Zg. The simulation box is split up longitudinally
gitudinal spreading of the laser. No significant transverseénto individual cells, each containing a single pulse in the
spreading of the laser pulse is observed in this example. train. Provided that no laser energy reaches the front or back
The evolution of the on-axis frequency spectrum is showrcell boundaries, Eqs(5) for the Raman response can be
in Fig. 10. Because of the shorter pulse duration, there is solved analytically at the cell interfaces to model the decay
much larger amplitude signal at the Stokes frequency iniof the polarization fieldboth amplitude and phasever ar-
tially compared with case of the longer pulse. Hence, fewebitrary durations. The only information required for the ana-
e-foldings of the Stokes wave are required to saturate thiytic calculation is the amplitude and phase of the polariza-
Raman process and the pulse becomes highly distorted in tion field at the front of the cell boundary.
a much shorter propagation distance relative to the long- In the pulse train example shown here, each pulse is ini-
pulse example. Similar to the long-pulse example, it is seetially identical to the pulse shown in Fig(#. The simula-
that the intensity modulations are due to primarily to thetion box is shown schematically in Fig. (6. Each pulse is
growth of the Stokes wave, although in the case of thelO psec in duration. The vertical dashed lines denoting the
shorter pulse, the spectral width of the Stokes line is veryell boundaries represent breaks of 0.2 nsec irt thas. The
broad. Raman damping time is taken to bel'i~0.1 nsec. The
Another simulation was performed with a shorter 0.5 psedRaman polarization field decays by a factor-08 across the
pulse, again, keeping the spot size and pulse energy the sareell boundaries. At a propagation distance of 13 km, there
as the previous two simulations. In this case, although there noticeable differences in intensity modulations in each
peak intensity was large ¢210° W/cn?) and small ampli- pulse. The second and third pulses of the train have devel-
tude modulations at the rotational frequency developedpped slightly larger amplitude intensity modulations. At
these modulations did not grow appreciably as the pulse=30 km, obvious differences in the transverse profiles of
propagated. Propagation was dominated by group velocitgach pulse become apparent.
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VI. CONCLUSIONS APPENDIX A: DERIVATION OF THE 3D NONLINEAR

. . . . . PROPAGATION EQUATION
Stimulated rotational Raman scattering of intense picosec-

ond laser pulses in the atmosphere has been investigated us-In this appendix we present the derivation of E4). The

ing a fully self-consistent, 3D numerical simulation. A key starting point is the wave equation for the laser electric field
result from this study is that the Raman process can be E(r,t), given by

sensitive function of pulse format. The high tunability of the
FEL makes it suitable for producing the optimal pulse format
for propagation. For pulses characteristic of a MW-class
FEL, pulses with durations of greater than 10 psec are more
prone to scattering than short pulsesl psec). For longer wherer is the transverse Laplacian operator ani the
pulses, the Raman process can lead to significant off-axisoordinate in the direction of propagation. The quantiSgs
scattering. Subpicosecond pulses are not as prone to scattend Sy, denote source terms which are respectively linear
ing but are affected by group velocity dispersion. Group ve-and nonlinear irE.

locity dispersion, however, results in longitudinal redistribu-  The quantitiesE(r,t), S (r,t), and Sy (r,t) are written
tion with no transverse scattering of laser energy. Hence, foh terms of complex amplitudesA(r,t), S.(r,t), and
applications where it is desirable to deliver the maximums,, (r,t) and a rapidly varying phase(z,t), i.e.,

amount of laser energy a long distance from the source, it is

2 1 (92
Vf+ﬁ—?ﬁ E=S +Su. (A1)

beneficial to use a short-pulse format to suppress Raman E(r,t)=A(r,t)exdiy(zt)]&/2+c.c., (A2a)
scattering. For pulse trains characteristic of future MW-class

FELs, the Raman interaction between pulses may not be im- S (r,t)=S.(r,t)exdiy(z,t)]&/2+c.c., (A2b)
portant since the pulse separation can be made to be much

greater than the assumed Raman relaxation time of 0.1 nsec. SuL(r,t)=Sy.(r.t)exdi¥(z,t)]e/2+c.c., (A2¢)

More definitive numerical studies, however, require detailed

experimental measurements of the Raman parameters of aitherey(z,t) =koz— wot is the phasek, is the carrier wave
(rotation frequencies, relaxation times, nonlinear indiex ~ number,w, is the carrier frequencyg, is a transverse unit
picosecond pulses over a wide range of atmospheric condiector in the direction of polarization, and c.c. denotes the

tions. complex conjugate. Substituting Eq§A2) into Eq. (Al)
yields
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where the rapidly varying phase factor has been canceled cnSnK
from both sides of the equation. Although the atmospheric Py(r,t)= W|A(r,t)|2A(r,t), (A8)

density is spatially varying, the wave numbey is taken to

be constant since the maximum change in the linear refraavhereny is the electronic contribution to the nonlinear re-

tive index, i.e., fractional change in wave number, from sedractive index. The nonlinear index defines a self-focusing

level to vacuum is<10 4. power due to the Kerr nonlinearity given Hy5], Pge
=>\(2)/(27rn0nK). The source term due to stimulated molecu-

Linear source terms lar Raman scattering is given ligee Appendix B

The linear source term which describes effects associated Pr(r,)=x Q(r,H)A(r,1), (A9)
with the linear polarization of bound electrons can be Writter\NhereX _
L=

as XL(wg) is the linear susceptibility evaluated at

wg and the unitless Raman polarization functiQir,t) is
S.(r,t)y=4mc 25?P,(r,t)/dt2, (A4)  determined by solving Eq¢B11). The Raman source term
can also contribute to the third order polarization field.

where P_ is the linear polarization field. The relationship

between the Fourier transforms of the linear polarization o ) )
Substituting Egs(A4)—(A9) into Eq. (A3) results in the

field P, and the laser electric fiel& is given by P, (r,®) ; : . .
R R N . . following nonlinear propagation equation for the laser enve-
=XL(r,w)E(r,w), whereP_ andE are the temporal Fourier lope:

transforms ofP, and E, respectively, andy (r,o) is the
frequency-dependent linear scalar susceptibility which may
also be a function of position.

Following a standard proceduf&7,18, the linear source

Nonlinear three-dimensional propagation equation

2

V2 £ AK?+ 2iko + 2 420 20 (1= i f2) -
L Moz T 92 Ic( @1 )act

w

term S, (r,t) can be rewritten as 1 2 Afrt
(1-ay) 90212 (r,t)
2 = ¢
_[ %o it ¢ TAILY w2 [cn2n
SL(r,t) ( c ) gol C!((r)a)o ot ’ (A5) :_4770_3(%7;|A|2+XLQ(|',U)A(V,U,
where the unitless coefficiemt,(r) is given by (A10)

where the summation in EgA5) has been limited td <3
wy 2 9 A ) andAK?=(1— ag) w3/c?—kZ. It proves useful to transform
ar(r)=- TWM”XL(‘”O)“’O]- (AB)  the independent variables fromt to z,7, where r=t
0 —Z/lvg anduv g will be set equal to the linear group velocity
of the pulse. In terms of the new variables the derivatives
transform asy/gt— dl dr and dl 9z— dl z—v 5 *dl d.

The wave numbek, and group velocityv, are as yet
unspecified. It is convenient to choose them so that the form
of the propagation equation is simplified. Chooslqg= (1
—ag) Ywglc=ngwg/c  and vg=cng/(1—ag)=cl/(ng
+ wgdng/dwg), the propagation equation simplifies to

In terms of the conventional dispersion paramejerg 18],
defined by B€=&€ﬁ(wo)/&wg, where B(w)=(w/c)[1
+47x (0)]Y?=(w/c)n(w), the coefficients are given by

wffz ¢

ay=————7
¢ (! &wg

[c2B2(wp) — wg]. (A7)

For the cases of interest it is sufficient to use the approxima-
tion By~c L.

V2 +2ik .27 k ﬁZA
LTl vg 9207 0By 2

2 2

wWq CI’]OHK
; e 2

Nonlinear source terms C 8

The nonlinear source term describes the effects associat@huation(A11) describes the 3D evolution of the complex
with anharmonic motion of the bound electrons and with thelaser field amplitudeA(r, 7). The self-consistent model em-
transition between rotational states of g molecules. the ployed here involves the solution of EGA11) along with
nonlinear source term can be written aSy (r,t)  equations(derived in Appendix B that describe the Raman
=4mc 2Py (r,1)/dt?,  where Py =(1/2)Py.(r,t)  response of the mediufair) to the laser field.

X exfgiyg(zt)]+c.c. is the nonlinear polarization field. Factor-

ing out the rapidly varying phase €xp(zt)], the nonlinear APPENDIX B: DERIVATION OF THE RAMAN

source amplitude is due to these effects and can be written d8OLARIZATION FIELD (NONRESONANT SCATTERING)
PyL(r,t)=Px+Pgr, where the two contributions are de-

scribed as follows. The nonlinear contribution from bound In this appendix we derive the theoretical model used to
electrons, i.e., the Kerr effect, is given bi5] incorporate the effects of rotational Raman scattering into the

A

24 27T)(|_Q)A. (A11)
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general nonlinear propagation equation. The model is basestgy of thenth state. Substituting?’(r,t) into the Schre

on the standard density matrix formalism with an envelopedinger equation, the coefficients, are found to satisfy

representation for the laser electric field. The envelope rep-
resentation allows for the generation of a multiwave Raman dc, i

spectrum, i.e., harmonics of the Stokes and anti-Stokes side- o —le CrnMnm€XPA—1 Q) E(r,Y),  (B2)
bands, as well as broadening of the individual lines. The -

model also describes the Raman response in the tra”Sie\%erean=fu*(r)(/&.éL)un(r)d3r is the dipole transition

regime and accounts for the natural damping or relaxation of, ;- ant matrixmelement and, =Q,—Q,. The stationary

excited states and saturation due to the population depletiol,ioc are normalized such tthJ*(r)nu (N dr=2o

of the ground state. herem.n=12 3 ma e mn?
Stimulated Raman scattering can be understood throqu o . ~

the energy level diagrams shown in Fig. 1. In our model, the '€ polarization field is written aB=P#&, , where

molecular scatterer is assumed to have two rotational eigen- 3

states, 1(the ground stafeand 2, with corresponding energy P= Nf T* G wd3r=N 2 L €XP Q)

levelsW,; andW,, and an excited state, e.g., an electronic or 1

translational state, with energW,>W,—W,. Defining (B3)

Qm=Q,—Q,,, where(}, is the frequency associated with ) _
staten, it is assumed that the central laser frequengy contains the fast oscillation at the laser frequency, and where

#Q4;, Qs SO that state 3 is not populated, and tha, N is t_he numper density of molecules apg,= (;’r;cn are the

Q5> we> 05y, WhereQ,, is the rotational frequency. density matrix elements. From E¢B2) we find that the
The system is also assumed to possess inversion symm@ensity matrix elements satisfy

try so that the energy eigenstates possess definite parity. For

3

m,n=

.3
i it Ipam | .

Raman scattering to occur, the guantitess and 3z Must = S [ e em€X(iQnt)

be nonzero, wherg,, is the dipole moment matrix element Jt =1

associated with a transition from stateto n. Because of the 0

odd parity of the dipole operator, states 1 and 2 must possess ~ HemPne XA Qi JE(T,1), (B4)

the same parity in order fop,3 and w3, to be nonzero.
Hence,u,,=0, indicating that direct transition from 1 to 2 is
forbidden so that an intermediate state, e.g., a virtual state,
needed to populate state 2.

Raman Stokes scattering consists of a transition from sta
(1) to a virtual level associated with stat@) followed by a
transition from the virtual level to sta{@). In the process, a
photon with frequencyws=wy— {5, is emitted. Raman
anti-Stokes scattering consists of a transition from s@teo
a virtual state followed by a transition from the virtual state
to state(1) thereby emitting a photon of frequenay,= wq
+,,. Since the population of staf@) is much smaller than

; > . ; HE(r,t) . :
that of statg(1) in thermal equilibrium, the anti-Stokes lines  p;.~ [prreXp(—iQgzt)+ proexp(—iQst)],
are generally much weaker than the Stokes lir#ds filda

where p,m=pr, and unm= . The matrix elements sat-
Iigfy the conservation lawwq,+ poo+ p3s=1, wherep,,, rep-
resents the fractional population of théh state(probability
tt(ldgat the molecule is in the energy eigenstaje Since each
eigenstate has a definite parity and the dipole opergior,
=gf, has odd parity we find that,;= w,,= w33=0. In what
follows, it is assumed that the laser carrier frequency is such
that Q31, Q3> we>,,. Since the laser is not resonant
with the transition frequencieQ,;, () 3,, state 3 is not popu-
lated, i.e.,p33=0, and we find

The molecular wave functio(r,t) satisfies the time- (B5a)
dependent Schidinger equation, Ho+V)¥=ihaW/at, WE(r 1) _ _
whereH(r) is the unperturbed static Hamiltonian operator. P2~ 0, [p22exp(i Qzat) + proexpliQait) ].
The perturbing interaction operator is given By(r,t) (B5b)
=p-E, where u=qf is the electric dipole operator. The o o
laser electric fieldE=E®, , is given by With these approximations the polarization field becomes

E(r.t)=(L2A(r,exi(kez— wot) ]+ c.c..  (BI) P=Nulpa1 @Xp—1Qsil) + paz X~ Q) ] + C'C'&BG)

where A(r,t) is the complex amplitudek, is the carrier ~WNEre tiz~uas=p is taken to be real. Substituting Egs.
wave numberg, is the carrier frequency, denotes a unit (B5@, and(BSb) into Eq. (B6) the polarization field can be

vector in the polarization direction, and c.c. denotes the comwritten asP=P, +Pg, where

plex conjugate. The wave function is expanded in terms of -

the stationary eigenstates dfl, according to W(r,t) PL(r,)=x.E(1.1) (B7a)
=3 ,Ch(r,t)exp=iQu,(r), whereu,(r) are the stationary
eigenstates associated with the unperturbed Hamiltdrign
i.e., Houp=W,u,, andW,=%Q,= [u* Hou,d®r, is the en- Pr(r,t)=x.[proexpliogt) +c.c]E(r,t), (B7b)

is the linear polarization field and
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is the nonlinear polarization field associated with stimulated APPENDIX C: DERIVATION OF COUPLED EQUATIONS
Raman scattering. In Eq&B7), x, =2Nu?/(2Q) is the lin- FOR STOKES AND ANTI-STOKES FIELDS
ear susceptibilityQ) =Q3;, andwg= ), is the fundamental
Raman frequency. In obtaining Eqd7) we used the ap-
proximationp;+ po>~1, sincepsz~0.

From Eq.(B4), we find that

Writing the laser envelope and Raman polarization func-
tion asA=Ay+ 6A andQ= Qg+ 8Q, where the equilibrium
quantities are given by Eqgél2), the linearized equations for
the perturbed quantities are given by

12 b i P B8 Vi aikg e 2 yom | oA
gt Pepaztiggg Wexp—ieg),  (B83 e Y T
2
IW EINE _ % n 4 SNk 2 on s
i =~ (W=Wo)I'y+i —75=[ proexpli wgt) —C.CJ, 252 No| (2N NR)odA+ g7~ AgoA
+ AySQ |, (Cla
where W= p,,—p4; is the population difference between Mo
levels 2 and 1Wy=W(t— — ) (for a medium in which all pr: 9 42 og
the molecules are initially in the ground stai®,=—1), F+2r20—+93) 5Q:?5(A3 SA+AySA*),
E2=|A(r,1)|%2, i.e., the slowly varying part oE? is kept, T T

andI';, I', are phenomenological damping rates which have (C1b
been included heuristically. The lifetime of the upper levelwhere the dispersion relation for the pump is givenkgy
due to, say, spontaneous radiation, iE;l¥hile the dephas- =ngwg/c. Substituting Eqs(13) into Egs.(C1) yields

ing time for the atomic dipole moment isIl/ wherel’, is

= Bttt 2 Al

the characteristic transition linewidth. (7= PR A A (2Vext —i(k_ -+ k)z
Equations(B8) can be written in terms of Bloch func- Q2 h? Q D(“’)[ (e i ozl

tions, +A* (z)exd —i(ks — ko)Z]1, (C2a

U QA2
_— = — Slr((l)Rt)_FZUy (Bga)

5 . w |\ Jd
ot Q AS D_+kNL+2Ik0(1—Fvg>EA_(Z)
2
N _OQf AT — o 0 * i
- A—gcoi“’Rt)_FZV' (B9b) =-2ng 2 nkloA% (z)expiAkz)
TXL A .
W _ OQFIAMDP - |Ao|Q(Z)eXF[I(Ko+k)Z]),
W:_E_AOF[U SIn(th)+VCOS(th)] 0
(C2b
D, +k3, +2iko| 1+ k—) —|AL(2)
whereU = py,+p%,, V=—i(p1o—p%), Qr=uAylt is the ovg) 9Z
Rabi frequency, and is the peak initial laser electric field w3
amplitude. The Rabi frequency in terms of the initial peak = —2n0—2—<nKI0A*(z)exp(iAkz)
laser intensity, 1y, is Qr=2(u/t)(2ml/nyc) ?~5.6 ¢
X 10°[1o(W/cn?) ]2 (rad/sec). Defining the Raman re- TR _
sponse function as Q=2 Ref;.e “rRY)=U cosgt) - n—|Ao|Q* (z)exdli(ko— k+)Z]),
—Vsin(wgt), Egs.(B9) can be written as 0
(C20
aZQ 2 2 é’Q Iu‘2 wWR 2 wh
hh Tx__ 2 7R ere
a2 T (wp+13)Q+2I'; ot 720 WIAJ?, ,
B10 g
( @ kﬁL=2?(2nK+nR)|0,
oW uilh? |9
=_F —Q+F2Q)|A|2—F1(1+W).
It wrd | d7 D. =% 2koks | 12— | —Kk? +koBr0?,
(B10b) Kovg
From Eq.(B9b) and the definition ofQ, the Raman polar- D(“’):QS_‘"ZJFZWZ‘”’
ization field can be written as I~3R(r,t) Ak=k_—k,+2kg,
=Pg(r,t)exdiy(zt)]g/2+c.c., in which the slowly varying
part is given byPg= x Q(r,t)A(r,t). ko= wo(Nk+ng)lgy/cC.
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Substituting Eq(C23 into Eqgs.(C2b) and(C20 results in

N. +2ikg 1+E)%A+(z)
=7" (o)A (2) +A%(z)expidk2)],  (C33
w J
N_+2iko(1—m)5A_(z)
=y(w)[A-(2)+ AL (2)expiAkz)],  (C3b
where N.=D.+2kokg and y(w)=-—2(wd/c?)ng{ng

+ng[Q3/D(w)]},. The conditionN. =0 is the dispersion
relation which relates, k.., andk, by

KoBow2—k? + 2Kk
- 0B2 0 ) o, ca)
2ko(1* w/kovg)
from which it follows that
koBow?— k2 + 2kok
A= 21y 2P2 >0 (C5)

ko(1— wzlkovg

Applying the conditionN..=0 allows Egs.(C3) to be

written as
A (2) .
0 =G,[A, (2)+A*(2)exp(iAkz)], (C6a
JA_(2) .
o =G_[A_(2)+A%(2)expiAkz)], (C6b
where
G —‘w°(1+ w) ' + % |
=T ko) \ ™ ROZ 2520 O
(Cé60
Equations(C6) can be written as
i G Ak F =G_F* C7
o, C-tio (2)=G_Fi(2), (C7a
d L Ak .
E_G-F_l? F+(Z)=G+F_(Z), (C7b

whereF .. (2)=A.(z)exp(—iAkz2). Equations(C7) can be
combined into a single equation fér_(z), i.e.,

O _gu_i 2k
PR

Ak
(——G +|7)F (2)=G_G*F _(2),
(C8)

PHYSICAL REVIEW E 68, 056502 (2003

which can be solved by lettin§ _(z)=F_(0)exp@2 and
solving for the unknown spatial growth ragethrough the
equation

. Ak Ak .
g—G+—|7 g—G,+|7 =G_G% (C9
Equation(C9) has the two solutions
1
9:=5 G_+G*+|(G_+G*)?
Ak 1/2
—2iAk G_—Gi—i7) ] (C10

When the two values of are distinct, the general solution
for the Stokes and anti-Stokes wave amplitudes are given by

A_(z)=[a, expg.z)+a_expg_z)]expiAkz?2),
(Clia
A% (z)=[b, exp(g,2)+b_explg_z)]exp —iAkz/2),
(C1lb

where the constant. andb. are determined by imposed
boundary conditions and are related by

(9. +i(AKI2)~G_
= G_

a. . (C12

The constants.. can be written in terms of the initialz(
=0) amplitudesA_(0) andA_(0), i.e.,

ar =+

B g+—

1
o [(g=+i(Ak/I2)—G_)A_(0)—G_A*(0)].
(C13
It can be shown using EGC10) that the two solutions fog
satisfy the relationship
[9:—G_+i(Ak/2)][g.—G_+i(Ak/2)]=—-G_G* .
(C14

Using Egs.(C12), (C13), and(C14), the coefficientd.. can
be written as

b.==*

B 9+

i(Ak/2)—G_]A%(0)+G%A_(0)}.
(C15

Various limiting cases of Eq$C10) and(C12) are analyzed
in the main body of the paper.
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