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Stimulated Raman scattering of intense laser pulses in air

J. R. Pen˜ano, P. Sprangle, P. Serafim,* B. Hafizi,† and A. Ting
Plasma Physics Division, Naval Research Laboratory, Washington, DC 20375, USA

~Received 8 May 2003; published 24 November 2003!

Stimulated rotational Raman scattering~SRRS! is known to be one of the processes limiting the propagation
of high-power laser beams in the atmosphere. In this paper, SRRS, Kerr nonlinearity effects, and group
velocity dispersion of short laser pulses and pulse trains are analyzed and simulated. Fully time-dependent,
three-dimensional, nonlinear propagation equations describing the Raman interaction, optical Kerr nonlinearity
due to bound electrons, and group velocity dispersion are presented and discussed. The effective time-
dependent nonlinear refractive index containing both Kerr and Raman processes is derived. Linear stability
analysis is used to obtain growth rates and phase matching conditions for the SRRS, modulational, and
filamentation instabilities. Numerical solutions of the propagation equations in three dimensions show the
detailed evolution of the Raman scattering instability for various pulse formats. The dependence of the growth
rate of SRRS on pulse duration is examined and under certain conditions it is shown that short (;psec) laser
pulses are stable to the SRRS instability. The interaction of pulses in a train through the Raman polarization
field is also illustrated.
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I. INTRODUCTION

Recent advances in laser technology have generated
mendous opportunities for applications which require
propagation of high-intensity, short laser pulses through
atmosphere. For example, free electron lasers~FELs! have
the potential for both high peak power and higher aver
power than existing systems, along with a flexible pulse f
mat @1#. FELs capable of delivering megawatts of avera
power are in the foreseeable future. The pulse train o
MW-class FEL driven by a radio frequency~RF! linac will
likely be characterized by individual pulses with durations
;1 psec, peak powers in the GW range, separated
;1 nsec. These short, high intensity laser pulses can
dergo unique interactions with the atmosphere in which b
linear and nonlinear processes play a central role@2#. As a
result of the high intensities, bound electron anharmonic
~optical Kerr effect! and stimulated rotational Raman scatte
ing ~SRRS! can affect laser beam propagation. Because
the short duration of these pulses, group velocity dispers
~GVD! can also significantly affect propagation.

SRRS of a laser pulse in air is a quantum mechan
process involving the excitation of the rotational states of
molecular constituents of air by the laser pulse. It can
characterized as an instability that scatters laser energy
multiple Stokes and anti-Stokes frequency bands@3# which,
because of the dispersive properties of air, can propaga
different velocities and at large angles with respect to
initial laser pulse, causing a severe distortion of the la
envelope@4#. Theoretically, SRRS can be understood a
three-level interaction@3,5# through the energy level dia
grams shown in Fig. 1. The molecular scatterer is assume
have two rotational eigenstates, 1~the ground state! and 2,

*Present address: Northeastern University, Department of Ele
cal Engineering, Boston, MA 02115.

†Present address: Icarus Research, Bethesda, MD.
1063-651X/2003/68~5!/056502~16!/$20.00 68 0565
re-
e
e

e
-
e
a

f
y

n-
h

y
-
f
n

al
e
e
to

at
e
r

a

to

with corresponding energiesW1 and W2 , and an excited
state, e.g., an electronic or translational state, with ene
W3@W22W1 . In this paper we consider the nonresona
scattering process in which the central laser frequencyv0
ÞV31, V32, where Vnm5Vn2Vm , and Vn is the fre-
quency associated with staten. It is also assumed thatV31,
V32@v0@vR , wherevR[V21 is defined as the rotationa
frequency. In this situation, state 3 is not populated and
laser excites a virtual state which can decay to produce
Stokes and anti-Stokes radiation. The generation of Sto
radiation consists of a transition from state~1! to a virtual
state followed by a transition from the virtual state to sta
~2!. In the process, a photon with frequencyv25v02vR is
emitted. The generation of anti-Stokes radiation consists
transition from state~2! to a virtual state followed by a tran
sition from the virtual state to state~1!, thereby emitting a
photon at frequencyv15v01vR . Since the population of
state ~2! is much smaller than that of state~1! in thermal
equilibrium, the anti-Stokes lines are generally much wea
than the Stokes lines@3#.

Stimulated Raman scattering of laser pulses propaga
through air had been studied extensively in the 1980s
longer (;nsec) laser pulses@6–10#. For altitudes below 100

ri- FIG. 1. Energy level diagram of Stokes and anti-Stokes l
generation from a three-level model of stimulated rotational Ram
scattering~SRRS!.
©2003 The American Physical Society02-1
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km, the dominant Raman process for nsec pulses is du
scattering from N2 molecules involving the S~8! rotational
transition from theJ58 to J56 rotational states, while the
molecule remains in the vibrational ground state@11#. For a
linearly polarized laser with wavelength 1mm, experiments
using nsec pulses indicate that the Raman gain coefficie
;2.5 cm/TW @7#. The observed Raman shift for the S~8!
rotational transition is 75 cm21 (vR;1.431013 sec21)
while the characteristic relaxation time for excited states
typically 0.1 nsec at sea level@9#. A number of more recen
experimental studies have employed ultrashort (;100 fsec)
laser pulses to investigate Raman scattering in air and v
ous gasses@12#. In particular, the gain coefficient and dam
ing rate have been measured and found to be different f
those appropriate for longer pulses. The Raman scatte
process for short pulses in air is expected to be marke
different from long pulse scattering@13,14#. For example, the
spectral width of a picosecond FEL pulse is comparable w
the typical rotational frequency. Hence there is an app
ciable signal at the Stokes frequency from the onset. He
the number of e-foldings that the Stokes wave must unde
before it becomes comparable with the carrier signal am
tude is reduced relative to the number of e-foldings requi
for a longer nanosecond pulse. Group velocity dispersio
also important for picosecond pulses propagating kilome
distances in air. The longitudinal spreading and freque
redistribution associated with group velocity dispersion c
affect the Raman process.

In a pulse train, intrapulse interactions may also mod
the Raman process. The leading pulses can excite mole
rotations which have a finite relaxation time. If the pul
separation in time is not large compared with the relaxat
time, subsequent pulses will encounter a perturbed med
which could either enhance or suppress the Raman inte
tion of the trailing pulse.

One purpose of this paper is to present and discus
theoretical model that takes into account these and other
cesses that govern the propagation of intense, short l
pulses in air. A closed system of equations is derived t
describes the three-dimensional, fully time-dependent pro
gation of a laser pulse along with the self-consistent evo
tion of the rotational Raman polarization field. The propag
tion equation also includes the effects of group veloc
dispersion, bound electron anharmonicity~optical Kerr ef-
fect!, and nonparaxial propagation. In some limits an anal
cal form for the effective nonlinear refractive index can
derived. For laser pulses that are short compared with
rotational period, this index is simply due to bound electr
anharmonicity since the rotational levels cannot be exci
For longer laser pulses, the Kerr and Raman effects b
contribute to the nonlinear index and are of the same o
@15#.

Turbulence and ionization, which can also be import
effects in the propagation of short, high-intensity pulses,
been discussed in other related articles@2,15#. For the pur-
pose of this study, however, these other effects are negle
in order to isolate the Raman process.

A full-scale, three-dimensional~3D! numerical simulation
which solves the propagation equations presented in this
05650
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per has been developed at NRL. Because the simulatio
fully time dependent and self-consistent, it is capable
modeling the transient short-pulse Raman interaction and
consequent generation of broad multiwave spectra, as we
the more standard, long pulse interaction. Simulations
used to model in detail the propagation of laser pulses
various formats undergoing SRRS and the dependence o
Raman instability growth rate on laser pulse length is inv
tigated. The atmospheric propagation of a pulse train is a
considered. In one example, a pulse train characteristic
MW-class FEL is modeled. Numerical results illustrate t
interaction of pulses through the Raman polarization field

This paper is organized as follows. In Sec. II the nonline
atmospheric propagation equations are derived. The effec
nonlinear index due to the Raman process is derived in S
III. Section IV analyzes the various small signal gain mech
nisms included in the theoretical model, i.e., stimulated R
man, modulational, and filamentation instabilities. Section
presents the results of the numerical simulations. Con
sions are presented in Sec. VI.

II. NONLINEAR PROPAGATION EQUATIONS

An intense laser pulse propagating through the atm
sphere is subject to a number of linear and nonlinear p
cesses which include diffraction, group velocity dispersi
~GVD!, and nonlinearities due to the polarization field ass
ciated with bound electrons and stimulated molecular Ram
scattering. A general equation describing the atmosph
propagation of a laser pulse subject to these effects is
lined in this section. The details of the derivation will b
published elsewhere. The starting point is the wave equa
for the laser electric fieldE(r ,t), given by

S ¹'
2 1

]2

]z22
1

c2

]2

]t2DE5
4p

c2

]2P

]t2 , ~1!

where¹'
2 is the transverse Laplacian operator andz is the

coordinate in the direction of propagation.
The polarization field is written as the sum of a linear a

nonlinear contribution,P5PL1PNL . The laser electric field,
E(r ,t) is written in terms of a complex amplitude and
rapidly varying phase, i.e.,

E~r ,t !5A~r ,t !exp@ ic~z,t !#êx/21c.c., ~2!

whereA(r ,t) is the complex amplitude,c(z,t)5k0z2v0t is
the phase,k0 is the carrier wave number,v0 is the carrier
frequency,êx is a transverse unit vector in the direction
polarization, and c.c. denotes the complex conjugate.

A closed system of equations is obtained by express
the polarization field in terms of the laser electric field a
plitude A. The linear polarization field modifies the refra
tive index while its derivatives with respect to frequency le
to temporal dispersion. The nonlinear polarization field is
consequence of bound electron anharmonicity~Kerr effect!
and molecular rotation~stimulated Raman scattering effect!.
In terms of the linear susceptibilityx̂L(v), the linear polar-
ization field is P̂L(v)5x̂L(v)Ê(v), where the overhat de
2-2
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notes the temporal Fourier transform. The amplitude of
nonlinear polarization field can be written as a sum ofPK
due to the optical Kerr effect of bound electrons andPR due
to stimulated Raman scattering from N2 molecules. The non-
linear Kerr and Raman polarization fields are, respective

PK~r ,t !5
cn0

2nK

16p2 uA~r ,t !u2A~r ,t !, ~3a!

PR~r ,t !5xLQ~r ,t !A~r ,t !, ~3b!

wherenK is the nonlinear index coefficient due to the Ke
effect, xL[x̂L(v0) is the linear susceptibility evaluated
v0 , andQ(r ,t) is the unitless Raman polarization functio
which satisfies Eqs.~5! given below. Using Eqs.~1!–~3!, the
following propagation equation can be derived~see Appen-
dix A!:

S ¹'
2 12ik0

]

]z
2

2

vg

]2

]z]t
2k0b2

]2

]t2DA~r ,t!

522
v0

2

c2 S cn0
2nK

8p
uAu212pxLQ~r ,t! DA~r ,t!.

~4!

In Eq. ~4!, k05n0(v0)v0 /c, n0(v0)5(114pxL)1/2 is the
linear refractive index, andb2 is the group velocity disper
sion ~GVD! parameter. In writing Eq.~4! the independen
variables (z, t) have been changed to the pulse frame va
ables (z,t) wheret5t2z/vg , vg is the linear group veloc-
ity of the laser pulse, andbg5vg /c. For air at one atmo-
sphere and laser wavelengths ofl;1 mm, we note thatxL
;531025 and b2;1.6310231 sec2/cm. Equation~4! de-
scribes the 3D propagation of a laser pulse in a disper
nonlinear medium, characterized by the GVD parameterb2 ,
nonlinear refractive indexnK ~Kerr effect!, and stimulated
Raman response functionQ(r ,t).

Stimulated Raman scattering can arise through the in
action of the laser with the dipole moments of the molecu
constituents of air~principally N2 and O2). The interaction
may be analyzed quantum mechanically using a three-l
model @3,5,15#. The result of this analysis~see Appendix B!
is a pair of equations for the Raman response func
Q(r ,t) and the population inversion functionW(t) given by

]2Q

]t2 1V0
2Q12G2

]Q

]t
52

m2

\2

vR

V
WuAu2, ~5a!

]W

]t
5

m2/\2

vRV S ]Q

]t
1G2QD uAu22G1~11W!, ~5b!

whereV0
25vR

21G2
2 , vR is the fundamental rotational fre

quency,m is the effective dipole moment,G1 and G2 are
phenomenological damping rates (G1 is the population relax-
ation rate andG2 is the dipole dephasing rate! andV[V32
'V31 is the frequency associated with transition from
higher energy virtual state~state 3! to one of two lower en-
ergy rotational states~states 1 and 2!.
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III. NONLINEAR INDEX DUE TO RAMAN
AND KERR EFFECTS

The Kerr and Raman nonlinearities contribute to the
fractive index and can thus affect the propagation of the la
pulse. The Kerr nonlinearity is associated with self-pha
modulation and nonlinear self-focusing, while the stimulat
Raman process can lead to the generation of multiple Sto
and anti-Stokes waves which can propagate at large an
with respect to the propagation axis, thus scattering the la
energy@4#. In this section the total nonlinear refractive inde
with both Kerr and Raman contributions is derived.

Retaining only the nonlinear propagation terms, and t
ing the one-dimensional~1D! limit ( ¹'50) Eq. ~4! can be
written as

2ik0

]A~z,t!

]z
52@n2~z,t!2n0

2#
v0

2

c2 A~z,t!, ~6!

wheren is the total refractive index in configuration spa
andn0 is the linear index. The total time-dependent nonl
ear index is identified as

dn~z,t!5n~z,t!2n0'nKI ~z,t!1
2pxL

n0
Q~z,t! ~7!

which contains contributions from both the Kerr and Ram
effects. In Eq.~7!, I (z,t)5cn0uA(z,t)u2/8p is the laser in-
tensity. In the limitVR

2!VV0 , whereVR5mA0 /\ is the
Rabi frequency associated with the peak electric field am
tude,A0 , the population inversion associated with stimulat
Raman scattering can be neglected, i.e.,W'21, and the
Raman response function, from solving Eq.~5a!, is given by
@16#

Q~z,t!5
m2

\2

1

V E
0

t

dt8 exp@2G2~t2t8!#

3sin@vR~t2t8!#uA~z,t8!u2. ~8!

The contribution of the Kerr effect to the polarization field
third order in the field amplitude. However, as seen fro
Eqs.~5!–~7!, the Raman polarization field also has a cont
bution which is third order in the field amplitude and th
can contribute to the nonlinear refractive index at the sa
order as the Kerr effect. In the absence of Raman effects
Kerr nonlinearity by itself can produce a modulational ins
bility when the GVD parameterb2,0 @17#.

As an example, consider a constant amplitude laser p
with durationtL . The field amplitude can be written asA
5A0@Q(t)2Q(t2tL)#, where t5t2z/c. From Eqs.~7!
and ~8!, the nonlinear index within the pulse, i.e., 0,t
,tL , is dn5nNLI , where the effective coefficient of non
linearity is given by

nNL5nK1nR$12e2G2t@cos~vRt!1~G2 /vR!sin~vRt!#%,
~9!

with
2-3
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nR5~4p/n0!2xL

vR

V

m2

\2V0
2c

. ~10!

In the long pulse limit (t@1/G2), the total nonlinear coeffi-
cient is given bynNL5nK1nR , i.e.,nR represents the effec
tive coefficient of nonlinearity due to Raman effects. F
pulses short compared with the characteristic Raman ti
(t!1/vR , t!1/G2), the nonlinear refractive index is due t
purely the bound electron response, i.e.,nNL5nK .

IV. GAIN MECHANISMS

Equations ~4! and ~5! can describe several physic
mechanisms by which small amplitude perturbations o
laser beam can be amplified. In this section, a linear stab
analysis is used to derive the growth rates for the stimula
Raman instability, modulational instability~MI !, and fila-
mentation instability~FI!. To proceed with the analysis, th
laser electric field amplitude and the Raman oscillator fu
tion are perturbed about a uniform~CW! equilibrium, i.e.,
A5A01dA andQ5Q01dQ where the equilibrium quanti
ties are given by

A0~z!5uA0uexpF iv0
2n0

k0c2 ~nK1nR!I 0zG , ~11!

Q05n0nRI 0/~2pxL!, ~12!

whereI 05cn0uA0u2/8p denotes the pump intensity. By equ
librium, it is meant that]uA0u2/]z50 so that the pump in-
tensity remains constant. The perturbed quantities are wr
in the form

dA~z,t!5A2~z!exp@2 i ~k'x1k2z2vt!#

1A1~z!exp@ i ~k'x1k1z2vt!# ~13a!

and

dQ~t!5 1
2 $Q̂~z!exp@2 i ~k'x2vt!#1Q̂* ~z!

3exp@ i ~k'x2vt!#%, ~13b!

whereA2 denotes the Stokes wave amplitude,A1 denotes
the anti-Stokes wave amplitude, andv, k' , andk6 are real.

In the analysis that follows, it is assumed thatudAu
!uA0u, and that there is negligible population inversion, i.
W521. Linearizing Eqs.~4! and ~5! with respect to the
perturbed quantities, the Stokes and anti-Stokes fields
found to satisfy the coupled equations~see Appendix C!

]A1~z!

]z
5G1@A1~z!1A2* ~z!exp~ iDkz!#, ~14a!

]A2~z!

]z
5G2@A2~z!1A1* ~z!exp~ iDkz!#, ~14b!

where
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v0

c S 16
v

k0vg
D 21S nK1nR

V0
2

V0
22v272iG2v D I 0 ,

~15!

Dk52k02
~k0b2v22k'

2 12k0k0!

k0~12v2/k0
2vg

2!
, ~16!

andk05v0(nK1nR)I 0 /c. In deriving Eqs.~14!, the disper-
sion relationsk05n0v0 /c and

k656
k0b2v22k'

2 12k0k0

2k0~16v/k0vg!
~17!

are invoked. The general solution of Eqs.~14! is ~see Ref.@3#
and Appendix C!

A2~z!5@a1 exp~g1z!1a2 exp~g2z!#exp~ iDkz/2!,
~18!

A1* ~z!5@b1 exp~g1z!1b2 exp~g2z!#exp~2 iDkz/2!,
~19!

where the constantsa6 and b6 denote the complex ampli
tudes of the eigenmodes whose growth rates are given b

g65
1

2 H G21G1* 6F ~G21G1* !2

22iDkS G22G1* 2 i
Dk

2 D G1/2J . ~20!

The constantsa6 andb6 are related by

b65S g61 i ~Dk/2!2G2

G2
Da6 , ~21!

and can be written in terms of the initial (z50) amplitudes
A2(0) andA1(0) as

a657
1

g12g2
$@g71 i ~Dk/2!2G2#A2~0!2G2A1* ~0!%,

~22!

b656
1

g12g2
$@g61 i ~Dk/2!2G2#A1* ~0!1G1* A2~0!%.

~23!

We now consider several limiting cases of Eqs.~18!–~23!.

A. Stimulated rotational raman scattering „SRRS…

Stimulated Raman scattering, in general, is associa
with the generation of both Stokes~frequency down-shifted!
and anti-Stokes~frequency up-shifted! radiation. For laser
pulses with durations much longer than the rotational peri
the conversion of energy from the carrier field~pump! to the
Stokes and anti-Stokes sidebands proceeds as a param
instability in which the Stokes and anti-Stokes waves can
strongly or weakly coupled. For a CW pump, Eqs.~20! and
2-4
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~21! can be used to obtain simple expressions for the Ra
growth rates in the strongly coupled and weakly coup
regimes.

For rotational Raman scattering in air of lasers with wa
length;1 mm, it is a good approximation to takevg'c and
V0!v0 . It is also a good approximation to setv'V0 to
obtain the peak growth rate. With these approximations,
coefficientsG6 reduce to

G6'7G0~17 id!~16V0 /v0!21, ~24!

where G0[nRI 0(V0/2G2)(v0 /c), and d
[(nK /nR)(2G2 /V0). For rotational Raman scattering in a
d!1. Using Eq.~24!, the growth rates reduce to

g6'2G0

V0

v0
~11 id!6H FG0

V0

v0
~11 id!G2

2
iDk

2 F2G0~11 id!2
iDk

2 G J 1/2

, ~25!

where the phase mismatch parameter from Eq.~16! is

Dk'~k'
2 /k0!2b2V0

222k0~V0 /v0!2. ~26!

In the limit of large phase mismatch (Dk@G0) the Stokes
and anti-Stokes waves are weakly coupled and the gro
rates for the various eigenmodes are given by

g6'7sgn~Dk!G06 i ~ uDku/2!. ~27!

Hence, the quantityG0[nRI 0(V0/2G2)(v0 /c) is the spatial
growth rate for the Raman instability in the weakly coupl
regime. For a CW pump laser, the Raman gain coefficie
defined asg0[G0 /I 0 , can now be expressed in terms of t
Raman index, i.e.,g05nR(V0/2G2)(v0 /c). For a long
(;nsec) laser pulse with;1 mm wavelength, the experi
mentally determined value for the gain isg052.5 cm/TW
@7#. For vR;1.431013 sec21 and G2;1010 sec21 @9#, the
nonlinear index for the rotational Raman processes isnR
55.6310220 cm2/W @15#.

For Dk.0 in the weakly coupled regime, the Stokes a
anti-Stokes amplitudes, from Eq.~21!, are related by
(b1 /a1)' i (Dk/G0)@1 and b2 /a2'2 id→0, indicating
that the exponentially growing mode@exp;(g2z)# is prima-
rily composed of the Stokes wave, i.e., forG0z.1, the
Stokes and anti-Stokes waves are given byA2(z)
'a2 exp(G0z) and A1* (z)'b2 exp(G0z)exp(22iDkz), with
uA2u/uA1u@1. Similarly for Dk,0, we find (b1 /a1)'
2 id→0, and (b2 /a2)' i (Dk/G0)@1, indicating that the
exponentially growing mode (;eg1z) is again dominated by
the Stokes wave.

In the limit of small phase mismatch, i.e.,G0(V0 /v0)
!Dk!G0 , the Stokes and anti-Stokes waves are stron
coupled and the growth rate is reduced relative to the
coupled regime. The growth rates are given by

g6'7@12 i sgn~Dk!#~2uDkuG0!1/2, ~28!
05650
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with the eigenmode amplitudes given byb6 /a6'217@1
2 i sgn(Dk)#(2uDku/G0). Hence, the strongly coupled regim
is characterized by reduced growth with the Stokes and a
Stokes waves having roughly equal amplitudes.

In the limit of perfect phase matching (Dk50) there is no
exponential growth, i.e.,g150, g2522G0V0 /v0 , and
b6 /a6'21. The conditionDk50 defines the propagatio
angle for perfect phase matching, i.e.,

cosu0'12
b2V0

2

2k0
2

~nK1nR!I 0

n0
S V0

v0
D 2

, ~29!

where the angle is defined with respect to thez-axis and it
has been assumed thatuk6u!k0 andV0 /c!k0 . For a laser
with wavelength 1mm and intensityI 0;107 W/cm2 propa-
gating in air, the group velocity dispersion term in Eq.~29!
provides the dominant deviation from unity; the magnitu
of the phase matching angle is typicallyu0'231025 rad.

Figure 2 plots the growth rate versus propagation an
for various values frequency mismatchDv̄[(v2V0)/V0 .
The growth rate is calculated using Eq.~20! with V051.4
31013 sec21, G251010 sec21, nR5nK53310219 cm2/W,
b251.6310231 sec2/cm, I 05107 W/cm2, and l51 mm.
The angle at which the growth rate goes to zero correspo
to the condition for perfect phase matching (Dk50). At
resonance (Dv̄50), there is a small, but nonzero grow
rate for direct forward scattering. As the propagation an
increases from zero tou0 , the growth rate decreases. As th
angle increases beyondu0 the growth rate increases an
saturates at the maximum value,g5G0 , which corresponds
to the regime where the Stokes and anti-Stokes waves
decoupled. For frequencies slightly below resonance, the
a local maximum in the regionu.u0 . For frequencies
slightly above resonance, a local maximum can occur in
regionu,u0 .

FIG. 2. Growth rate vs propagation angle forDv̄521023, 0,
231023 where the frequency mismatch is defined asDv̄[(v
2V0)/V0 and the angleu is measured with respect to thez axis.
The growth rate is calculated using Eq.~20! with nR5nK53
310219 cm2/W, V051.431013 sec21, G251010 sec21, b251.6
310231 s2/cm, I 05107 W/cm2, l51 mm.
2-5
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B. Modulational instability „MI …

In the absence of the Raman effect, a modulational in
bility @17,18# can occur in regions of anomalous dispersio
i.e., whenb2,0. This instability results from a longitudina
compression of energy due to the interplay of self-ph
modulation ~Kerr nonlinearity! and group velocity disper
sion. To derive the growth rate for this instability, we s
nR50 and assumev!v0 . With these assumptions, Eq.~20!
reduces to

g656Fk0
22k02

1

2 S b2v22
k'

2

k0
D G1/2

. ~30!

Settingk'50, Eq.~30! shows that a modulational instabilit
is possible whenb2,0 and 0,uvu,&vMI , where vMI

[A2k0 /ub2u is the frequency shift at which the growth ra
is maximum. Forv56vMI , we haveg656k0 . For the
exponentially growing (1) mode, Eq.~21! yields, a1 /b1

' i , which indicates that the Stokes and anti-Stokes sign
asymptotically have equal amplitudes, but are out of ph
by p/2.

C. Filamentation instability „FI …

The filamentation instability results in the transver
break up of a laser beam into filaments due to the s
focusing effect of the Kerr nonlinearity. The growth rate f
the FI can be obtained from Eq.~30!. Settingb250, it is
found that an instability exists for wave numbers 0,uk'u
,&kFI , wherekFI[A2k0k0 is the transverse wave numb
at which the growth rate is maximum. Fork'56kFI , the
growth rate isg656k0 . Using Eq.~21! it can be shown
that, similar to the MI,a1 /b1' i at maximum growth.

V. NUMERICAL SIMULATIONS

A numerical simulation based on solving Eq.~4! together
with the stimulated Raman response given by Eqs.~5! has
been developed at NRL. The simulation renders the la
pulse envelope on a three-dimensional Cartesian (x,y,t)
grid. The laser pulse is advanced inz according to Eq.~4!
using a split-step spectral method@18# in which the linear
terms are advanced in Fourier space and the nonlinear t
handled in coordinate space. The equations describing
Raman response are solved at eachz step by a fourth-order
Runga-Kutta integration. The following simulations~a!
benchmark the numerical simulation with the analysis
Sec. IV, ~b! address the effects of pulse duration on Ram
gain, ~c! show the 3D evolution of laser pulses under t
influence of Raman scattering, and~d! illustrate the inter-
pulse Raman interaction of a pulse train. The laser pu
parameters used in the following examples are character
of a rf linac-driven MW-class FEL.

A. Benchmarking of the numerical code

The first set of simulations establishes the validity of t
numerical code by recovering the correct analytic proper
of the Raman instability in the strongly and weakly coupl
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regimes as described in Sec. IV A. To facilitate the compa
son between analysis and simulation, the transverse varia
of the laser envelope was neglected. The parameters des
ing the Raman medium are taken to bevR51.4
31013 sec21, G25231011 sec21, nK55.6310219 cm2/W,
nR510218 cm2/W, and b251.6310231 s2/cm. These pa-
rameters are similar to those of air except that the damp
rate G2 is a factor of 20 larger and the Raman index is
factor of 100 larger than the measured values for lo
(;nsec) pulses. These parameters were chosen to pro
resolve the long pulse limit in which the analysis is va
and, at the same time, keep the simulation run time fr
becoming prohibitive. The initial laser pulse envelope
given byA(z50,t)5(A01dA) f (t). The functionf (t), il-
lustrated in Fig. 3, describes a longitudinal pulse profile w
rise and decay times oft0 , and a constant mid-section o
durationtL . For the benchmarking simulations, the rise tim
t0570TR , and the pulse durationtL5100TR , where TR
52p/vR . The pump laser has wavelengthl51 mm. The
initial (z50) perturbationdA has the form of Eq.~13a! with
k'50, v5vR , A152A2 , anduA6u/A051027.

According to the analysis of Sec. IV A, the coupling b
tween Stokes and anti-Stokes waves is determined by
ratio uDku/G0 . For these simulations, this ratio is varied b
changing the laser intensity. The amplitudes of the Sto
and anti-Stokes waves are determined by taking a Fou
transform int of the laser envelope within the flat region o
the pulse away from the leading and trailing edges wh
transient effects could affect the comparison between the
and simulation.

Figure 4 shows the results of simulations of the Ram
instability in the weakly and strongly coupled regimes. F
the simulation in the weakly coupled regime@Fig. 4~a!# I 0
523105 W/cm2, corresponding touDku/G0;64. For the
strongly coupled regime@Fig. 4~b!#, I 0523108 W/cm2,
corresponding touDku/G0;0.06. In both cases the growt
rates obtained from the simulation are in excellent agreem
with the analytic result given by Eq.~25!. It is also consistent
with the analysis that in the weakly coupled regime, the a
plitude of the anti-Stokes wave is much smaller than tha

FIG. 3. Schematic diagram of the initial longitudinal laser e
velope profile used in the simulation results shown in Fig. 4 a
Figs. 6–10.
2-6



th
de
b-
ric
t
is

ls
le

ne

e
E
e

re

th

en

ex-
n
ity

he

nal
de
red

r
can
le
hort
e
es

the

rst
nce
the
in-

are
the

iza-
r. A
the
the
ad

lses
lse
a-

se
de-
for

is
be

ase
ves
ct to

th

-

ra

of
for
ngth

STIMULATED RAMAN SCATTERING OF INTENSE . . . PHYSICAL REVIEW E 68, 056502 ~2003!
the Stokes wave, while in the strongly coupled regime,
Stokes and anti-Stokes waves have comparable amplitu

In other simulations, the results of which will be pu
lished elsewhere, the transverse dynamics of the nume
code were also successfully benchmarked by comparing
growth rate of the filamentation instability with the analys
of Sec. IV C.

B. Effect of pulse duration on Raman gain

The next set of simulations shows the effects of pu
duration on Raman growth in the linear regime for sing
pulses. To isolate effects due to the Raman process, li
diffraction and the nonlinearity due to bound electrons~the
Kerr nonlinearity! is neglected in these simulations. Th
paraxial approximation is also made so that the term in
~4! containing the mixed derivative is neglected. Group v
locity dispersion, which is important for short pulses, is
tained.

The initial pulse envelope is taken to be Gaussian in
temporal coordinate, i.e.,A(z50,t)5A0 exp(2t/tL) with no
transverse variation~1D!. The laser wavelengthl51 mm.
The parameters describing the Raman response are tak
be vR51.431013 sec21, G251010 sec21, and gain coeffi-
cient G52.5 cm/TW. The GVD parameterb251.6
310231 sec2/cm.

In what follows, the pulse durationtL and peak intensity
I 0 are varied, keeping the producttLI 051024 W s/cm2,

FIG. 4. Normalized Stokes~o! and anti-Stokes (1) amplitude
vs normalized propagation distance in~a! the weakly coupled re-
gime (uDku/G0;64) and ~b! the strongly coupled regime
(uDku/G0;0.06) obtained from 1D, long-pulse, simulations wi
V051.431013 sec21, G25231011 sec21, nK56310219 cm2/W,
nR510218 cm2/W, andb251.6310231 s2/cm. Laser pulse param
eters are l51 mm, t0570TR , and tL5100TR , where TR

52p/vR . The peak laser intensity isI 0523105 W/cm2 for panel
~a! and I 0523108 W/cm2 for panel ~b!. The solid curve denotes
the corresponding analytic Stokes amplitude with the growth
given by Eq.~25!.
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which is proportional to the pulse energy, constant. For
ample, in these simulations, a 1 psec pulse would spa
vRtL/2p52.7 rotational periods and have a peak intens
of 108 W/cm2. For pulses that are long compared with t
Raman period (vRtL/2p'20), the initial Fourier width of
the laser spectrum is narrow compared with the rotatio
frequency. Hence, initially there is a much smaller amplitu
signal at the Stokes frequency for longer pulses compa
with shorter pulses (vRtL/2p'1) which have a broade
spectrum. In the long pulse regime, the Stokes wave
undergo;9 e-foldings before its amplitude is comparab
with the amplitude of the main laser, as opposed to the s
pulse regime where only;4 e-foldings are required. As th
pulses propagate, exponential growth of multiple Stok
lines and lower amplitude anti-Stokes lines shifted from
central laser frequency by harmonics ofvR are observed. To
determine the Raman growth rate, the amplitude of the fi
Stokes line is measured as a function of propagation dista
and fit to an exponential function. Figure 5 summarizes
results of these simulations. The growth rate is seen to
crease as the pulse length decreases fromvRtL/2p.20 to
vRtL/2p510. For these longer pulses, transient effects
unimportant and the increase in the growth rate is due to
laser intensity, i.e., the source term for the Raman polar
tion field, increasing as the pulse length is made shorte
dramatic reduction in the growth rate is observed when
pulse duration becomes comparable with or less than
rotational period. There are a number of factors which le
to this reduction in the growth rate. First, these shorter pu
are in the transient interaction regime in which the pu
duration is shorter than the temporal growth rate of the R
man instability. Second, group velocity dispersion for the
short pulses tends to spread the pulse longitudinally and
crease the intensity, thereby decreasing the source term
the Raman polarization field.

C. 3D simulations

When the transverse variation of the laser envelope
included, the stimulated Raman scattering process can
affected by a number of other 3D effects. For example, ph
matching conditions for the Stokes and anti-Stokes wa
can cause them to propagate at large angles with respe

te

FIG. 5. Results of 1D simulations showing the dependence
the growth rate of the first Stokes line on the pulse length
Gaussian pulses. The peak intensity is varied with the pulse le
to keep the fluence constant.
2-7
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the laser propagation axis, thus scattering the laser ene
Also, nonlinear self-focusing can enhance the Raman pro
by increasing the laser intensity on axis. These effects will
illustrated in the following set of 3D simulations.

For the 3D simulations, the initial laser pulse envelope
given by A(z50,r ,t)5A0 exp(2r2/r0

2)f(t), where r
5Ax21y2 is the radial coordinate. The functionf (t) is
shown in Fig. 3. The rise time,t05p/2vR'0.1 psec, is
chosen to be comparable with the rotational Raman per
The transverse profile is a Gaussian with spot sizer 0 . For
these simulations, all of the terms in Eq.~4! are retained. In
the two examples presented in this section, we compare
propagation of pulses with durations of 1 psec and 10 ps
For both examples, the initial laser pulse has wavelengtl
51 mm, spot sizer 0515 cm, and an energy of;35 mJ.
For the 10 psec example, this corresponds to a peak pow
3.5 GW and a peak intensity of 107 W/cm2. For the 1 psec
example, the peak power is 35 GW and the peak intensit
108 W/cm2.

The nonlinear refractive indicies associated with t
bound electron anharmonicty and Raman process are ta
to be equal, as indicated by previous short-pulse experim
@12#, i.e., nK5nR53310219 cm2/W. This corresponds to a

FIG. 6. ~Color! Laser intensity contours in air as a function oft
and transverse position (x) at propagation distances~a! z50, ~b!
z520 km, and~c! z530 km for a laser pulse with an initial Gauss
ian transverse profile (r 0515 cm) and longitudinal profile indi-
cated by Fig. 4 withl51 mm, t050.1 psec,tL510 psec, andI 0

5107 W/cm2.
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nonlinear Kerr self-focusing power ofPSF5l2/(2pn0nK)
;5.9 GW due to the bound electron nonlinearity@19#.
Hence, the peak power for the 10 psec pulse example
below the threshold for nonlinear self-focusing, while for th
1 psec pulse example, it is above. Experimental determ
tion of PSF for short pulses is discussed in Ref.@20#.

1. Long-pulse example

Figures 6 and 7 show, respectively, the contours of
intensity and Raman polarization functionQ in the (t,x)
plane (y50) for the 10 psec (tLvR/2p525) pulse at vari-
ous propagation distances. The duration of the initial pu
(z50) is long compared with the rotational Raman perio
while the rise time is one-quarter of the rotational perio
This initial configuration is favorable for the Raman instab
ity since the sharp rise time optimally excites the Ram
polarization field and the long pulse duration contains ma
rotational periods. Figure 6~a! shows that the polarization
function Q is during the early phase of the instability i
mainly localized near the axis of the laser pulse and rises
amplitude from the front of the pulse to the back. Atz
520 km, the laser intensity is strongly modulated at the
tational frequency. From the front to the middle of the puls
the modulations increase in amplitude. Towards the back
the pulse, the on-axis intensity decreases as laser energ

FIG. 7. ~Color! Raman polarization functionQ, associated with
the laser pulse shown in Fig. 5 as a function oft and transverse
position (x) at propagation distances~a! z510 km, ~b! z520 km,
and ~c! z530 km.
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STIMULATED RAMAN SCATTERING OF INTENSE . . . PHYSICAL REVIEW E 68, 056502 ~2003!
gins to be scattered off axis. As the pulse propagates,
modulations appear to move forward with respect to
original laser pulse. The Raman polarization field becom
broader in transverse extent@Fig. 7~b!# and continues to in-
crease in amplitude as the instability develops. Byz
530 km, the intensity modulations, which were initial
strongest at the back of the pulse, have grown in amplit
and have moved to the front of the pulse. The modulati
which is characterized by a longitudinal bunching of the
ser energy, causes the peak intensity on axis to become l
by a factor of 4 with respect to the initial intensity. Scatteri
of some of the laser energy off axis is also evident, with
angle of scattering roughly five times larger than the vacu
diffraction angle. Atz530 km, the Raman polarization fiel
continues to broaden transversely, but becomes hig
peaked on axis.

Figure 8 shows the evolution of the on-axis laser sp
trum for the 10 psec pulse. The initial spectrum is narr
compared with the rotational period. The initial signal at t
Stokes frequency,Dv52vR , is two orders of magnitude
smaller than the main pump signal at the laser freque
Dv50. At z520 km, the pump signal has decayed by
factor of 3, and the Stokes wave amplitude has grown t
comparable amplitude. The emergence of a much sma
amplitude second order Stokes line atDv522vR and first
order anti-Stokes line atDv5vR is observed. At z
530 km, a broadening of the carrier, Stokes, and anti-Sto
lines is observed. The amplitude of the Stokes line is gre
than that of the pump. It is evident that the intensity mod
lations shown in Fig. 6 are associated primarily with t
lower frequency Stokes wave, which because of the dis

FIG. 8. Frequency spectrum~on axis! of the laser pulse of Fig.
5 at ~a! z50 and~b! z520 km, and~c! z530 km showing promi-
nent growth of first and second order Stokes lines.
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sive properties of air at;1 mm, have a larger group velocity
than the main laser pulse. Hence, the prominent growth
the Stokes wave is consistent with the observation that
laser intensity modulations travel forward with respect to t
pulse.

2. Short-pulse examples

The first short-pulse example is for a;1 psec
(tLvR/2p52.5) laser pulse with the same spot size and e
ergy as in the long-pulse example discussed previously. F
ure 9 shows the intensity contours for the short pulse in
(t,x) plane aty50 for propagation distances ofz50, 0.4
km, 5 km, and 8 km. Atz50.4 km, the pulse become

FIG. 9. ~Color! Laser intensity contours in air as a function oft
and transverse position (x) at propagation distances~a! z50, ~b!
z50.4 km, ~c! z55 km, and~d! z58 km for a laser pulse with an
initial Gaussian transverse profile (r 0515 cm) and a longitudinal
profile indicated by Fig. 4 withl51 mm, t050.1 psec, tL

51 psec, andI 05108 W/cm2.
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modulated due to the longitudinal spreading out of the fr
and trailing portions of the pulse by group velocity dispe
sion. The modulation frequency in this early stage of pro
gation is noticeably larger than the rotational frequency
growing modulation at the rotational frequency becomes
parent atz;1 km. At z55 km, the laser intensity is strongl
modulated at the rotational frequency and has gained a fa
of ;2 in intensity on axis. Similar to the long-pulse e
ample, the modulations appear to travel faster than the m
laser pulse. Atz58 km, the modulations have surpassed
front edge of the main laser pulse causing an apparent
gitudinal spreading of the laser. No significant transve
spreading of the laser pulse is observed in this example

The evolution of the on-axis frequency spectrum is sho
in Fig. 10. Because of the shorter pulse duration, there
much larger amplitude signal at the Stokes frequency
tially compared with case of the longer pulse. Hence, few
e-foldings of the Stokes wave are required to saturate
Raman process and the pulse becomes highly distorted
a much shorter propagation distance relative to the lo
pulse example. Similar to the long-pulse example, it is s
that the intensity modulations are due to primarily to t
growth of the Stokes wave, although in the case of
shorter pulse, the spectral width of the Stokes line is v
broad.

Another simulation was performed with a shorter 0.5 ps
pulse, again, keeping the spot size and pulse energy the
as the previous two simulations. In this case, although
peak intensity was large (23108 W/cm2) and small ampli-
tude modulations at the rotational frequency develop
these modulations did not grow appreciably as the pu
propagated. Propagation was dominated by group velo

FIG. 10. Frequency spectrum~on axis! of the laser pulse of Fig.
7 at ~a! z50 and~b! z55 km, and~c! z58 km.
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dispersion which resulted in an almost symmetric longitu
nal spreading of the entire pulse and a corresponding
crease in peak intensity. The pulse duration was observe
double after propagating;0.5 km.

D. Raman scattering in pulse trains

The following simulations illustrate the interpulse intera
tion of a pulse train characteristic of a MW-class FEL. In
pulse train, the Raman polarization field excited by the le
ing pulses can affect the propagation of trailing pulses p
vided that the pulse separation is not much greater than
characteristic Raman relaxation time, which, in the abse
of significant population inversion, is given by 1/G2 . For
pulse separations less than 1/G2 , the Raman polarization
fields excited by a train of pulses can interfere constructive
thus amplifying the field and providing a greater seed
instability in trailing pulses. For the pulse train of a MW
class FEL generated by a RF linac, the pulse separatio
expected to be about 1 nsec, which is 10 times the relaxa
time. Hence, for this pulse configuration, interpulse inter
tions are expected to be negligible, although more deta
experimental measurements of the Raman relaxation time
;psec pulses are required to verify this. For the purpose
this study, we consider separation times (;0.2 nsec) compa-
rable to the relaxation time to enhance pulse interaction
fects.

Because of computational limitations, these simulatio
are carried out on a two-dimensional~2D!, (t,x) grid. The
pulses are slablike, varying transversely in only one coo
nate. In this situation the nonlinear focusing properties c
differ significantly from fully 3D simulations when the
propagation distances become comparable with the nonli
focal length given byZNL5ZR /AP0 /PSF21 @19#, where
ZR5n0pr 0

2/l is the Rayleigh length, andP0 is the peak
power. Hence, we consider examples where the pulse po
P0,PSF ~to avoid Kerr self-focusing! and propagation dis-
tancesz,ZR . The simulation box is split up longitudinally
into individual cells, each containing a single pulse in t
train. Provided that no laser energy reaches the front or b
cell boundaries, Eqs.~5! for the Raman response can b
solved analytically at the cell interfaces to model the dec
of the polarization field~both amplitude and phase! over ar-
bitrary durations. The only information required for the an
lytic calculation is the amplitude and phase of the polari
tion field at the front of the cell boundary.

In the pulse train example shown here, each pulse is
tially identical to the pulse shown in Fig. 6~a!. The simula-
tion box is shown schematically in Fig. 11~a!. Each pulse is
10 psec in duration. The vertical dashed lines denoting
cell boundaries represent breaks of 0.2 nsec in thet axis. The
Raman damping time is taken to be 1/G250.1 nsec. The
Raman polarization field decays by a factor of;8 across the
cell boundaries. At a propagation distance of 13 km, th
are noticeable differences in intensity modulations in ea
pulse. The second and third pulses of the train have de
oped slightly larger amplitude intensity modulations. Atz
530 km, obvious differences in the transverse profiles
each pulse become apparent.
2-10
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FIG. 11. ~Color! 2D simulation of stimulated Raman
interaction of a pulse train. Individual pulses atz50
have the same spot size, longitudinal profile, and pe
intensity as the initial laser pulse shown in Fig. 5. T
pulse separation is 0.2 nsec as shown in panel~a!. Note
the change in time scale between pulses. Panels~b! and
~c! show intensity contours of the pulse train aft
propagating 13 and 30 km in air, respectively.
e
d
y
e
e
a
s
o

ax
at
ve
u
f
m

it
m
as
im
u
s
le
f

nd

l-
nd

eld

ear

t
the
VI. CONCLUSIONS

Stimulated rotational Raman scattering of intense picos
ond laser pulses in the atmosphere has been investigate
ing a fully self-consistent, 3D numerical simulation. A ke
result from this study is that the Raman process can b
sensitive function of pulse format. The high tunability of th
FEL makes it suitable for producing the optimal pulse form
for propagation. For pulses characteristic of a MW-cla
FEL, pulses with durations of greater than 10 psec are m
prone to scattering than short pulses (,1 psec). For longer
pulses, the Raman process can lead to significant off-
scattering. Subpicosecond pulses are not as prone to sc
ing but are affected by group velocity dispersion. Group
locity dispersion, however, results in longitudinal redistrib
tion with no transverse scattering of laser energy. Hence,
applications where it is desirable to deliver the maximu
amount of laser energy a long distance from the source,
beneficial to use a short-pulse format to suppress Ra
scattering. For pulse trains characteristic of future MW-cl
FELs, the Raman interaction between pulses may not be
portant since the pulse separation can be made to be m
greater than the assumed Raman relaxation time of 0.1 n
More definitive numerical studies, however, require detai
experimental measurements of the Raman parameters o
~rotation frequencies, relaxation times, nonlinear index! for
picosecond pulses over a wide range of atmospheric co
tions.
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APPENDIX A: DERIVATION OF THE 3D NONLINEAR
PROPAGATION EQUATION

In this appendix we present the derivation of Eq.~4!. The
starting point is the wave equation for the laser electric fi
E(r ,t), given by

S ¹'
2 1

]2

]z22
1

c2

]2

]t2DE5SL1SNL , ~A1!

where¹'
2 is the transverse Laplacian operator andz is the

coordinate in the direction of propagation. The quantitiesSL
and SNL denote source terms which are respectively lin
and nonlinear inE.

The quantitiesE(r ,t), SL(r ,t), andSNL(r ,t) are written
in terms of complex amplitudes,A(r ,t), SL(r ,t), and
SNL(r ,t) and a rapidly varying phase,c(z,t), i.e.,

E~r ,t !5A~r ,t !exp@ ic~z,t !#êx/21c.c., ~A2a!

SL~r ,t !5SL~r ,t !exp@ ic~z,t !#êx/21c.c., ~A2b!

SNL~r ,t !5SNL~r ,t !exp@ ic~z,t !#êx/21c.c., ~A2c!

wherec(z,t)5k0z2v0t is the phase,k0 is the carrier wave
number,v0 is the carrier frequency,êx is a transverse uni
vector in the direction of polarization, and c.c. denotes
complex conjugate. Substituting Eqs.~A2! into Eq. ~A1!
yields

S ¹'
2 2k0

21
v0

2

c2 12ik0

]

]z
12i

v0

c

]

]t
1

]2

]z22
1

c2

]2

]t2DA~r ,t !

5SL~r ,t !1SNL~r ,t !, ~A3!
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where the rapidly varying phase factor has been canc
from both sides of the equation. Although the atmosphe
density is spatially varying, the wave numberk0 is taken to
be constant since the maximum change in the linear ref
tive index, i.e., fractional change in wave number, from s
level to vacuum is<1024.

Linear source terms

The linear source term which describes effects associ
with the linear polarization of bound electrons can be writ
as

SL~r ,t !54pc22]2PL~r ,t !/]t2, ~A4!

where PL is the linear polarization field. The relationsh
between the Fourier transforms of the linear polarizat
field PL and the laser electric fieldE is given by P̂L(r ,v)
5x̂L(r ,v)Ê(r ,v), whereP̂L andÊ are the temporal Fourie
transforms ofPL and E, respectively, andx̂L(r ,v) is the
frequency-dependent linear scalar susceptibility which m
also be a function of position.

Following a standard procedure@17,18#, the linear source
term SL(r ,t) can be rewritten as

SL~r ,t !5S v0

c D 2

(
,50

`

i ,a,~r !v0
2,

],A~r ,t !

]t, , ~A5!

where the unitless coefficienta,(r ) is given by

a,~r !52
v0

,22

,!

],

]v0
, @4px̂L~v0!v0

2#. ~A6!

In terms of the conventional dispersion parametersb, @18#,
defined by b,5],b(v0)/]v0

, , where b(v)5(v/c)@1
14px̂L(v)#1/25(v/c)n(v), the coefficients are given by

a,52
v0

,22

,!

],

]v0
, @c2b2~v0!2v0

2#. ~A7!

For the cases of interest it is sufficient to use the approxi
tion b1'c21.

Nonlinear source terms

The nonlinear source term describes the effects assoc
with anharmonic motion of the bound electrons and with
transition between rotational states of theN2 molecules. the
nonlinear source term can be written asSNL(r ,t)
54pc22]2PNL(r ,t)/]t2, where PNL5(1/2)PNL(r ,t)
3exp@ic(z,t)#1c.c. is the nonlinear polarization field. Facto
ing out the rapidly varying phase exp@ic(z,t)#, the nonlinear
source amplitude is due to these effects and can be writte
PNL(r ,t)5PK1PR , where the two contributions are de
scribed as follows. The nonlinear contribution from bou
electrons, i.e., the Kerr effect, is given by@15#
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PK~r ,t !5
cn0

2nK

16p2 uA~r ,t !u2A~r ,t !, ~A8!

wherenK is the electronic contribution to the nonlinear r
fractive index. The nonlinear index defines a self-focus
power due to the Kerr nonlinearity given by@15#, PSF
5l0

2/(2pn0nK). The source term due to stimulated molec
lar Raman scattering is given by~see Appendix B!

PR~r ,t !5xLQ~r ,t !A~r ,t !, ~A9!

where xL[x̂L(v0) is the linear susceptibility evaluated a
v0 and the unitless Raman polarization functionQ(r ,t) is
determined by solving Eqs.~B11!. The Raman source term
can also contribute to the third order polarization field.

Nonlinear three-dimensional propagation equation

Substituting Eqs.~A4!–~A9! into Eq. ~A3! results in the
following nonlinear propagation equation for the laser en
lope:

S ¹'
2 1DK212ik0

]

]z
1

]2

]z2 12i
v0

c
~12a1/2!

]

]ct

2~12a2!
]2

]c2t2DA~r ,t !

524p
v0

2

c2 S cn0
2nK

16p2 uAu21xLQ~r ,t ! DA~r ,t !,

~A10!

where the summation in Eq.~A5! has been limited to,<3
andDK25(12a0)v0

2/c22k0
2. It proves useful to transform

the independent variables fromz,t to z,t, where t5t
2z/vg andvg will be set equal to the linear group velocit
of the pulse. In terms of the new variables the derivativ
transform as]/]t→]/]t and]/]z→]/]z2vg

21]/]t.
The wave numberk0 and group velocityvg are as yet

unspecified. It is convenient to choose them so that the fo
of the propagation equation is simplified. Choosingk05(1
2a0)21/2v0 /c5n0v0 /c and vg5cn0 /(12a1)5c/(n0
1v0]n0 /]v0), the propagation equation simplifies to

S ¹'
2 12ik0

]

]z
2

2

vg

]2

]z]t
2k0b2

]2

]t2DA

522
v0

2

c2 S cn0
2nK

8p
UAU212pxLQDA. ~A11!

Equation~A11! describes the 3D evolution of the comple
laser field amplitude,A(r ,t). The self-consistent model em
ployed here involves the solution of Eq.~A11! along with
equations~derived in Appendix B! that describe the Rama
response of the medium~air! to the laser field.

APPENDIX B: DERIVATION OF THE RAMAN
POLARIZATION FIELD „NONRESONANT SCATTERING …

In this appendix we derive the theoretical model used
incorporate the effects of rotational Raman scattering into
2-12
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general nonlinear propagation equation. The model is ba
on the standard density matrix formalism with an envelo
representation for the laser electric field. The envelope r
resentation allows for the generation of a multiwave Ram
spectrum, i.e., harmonics of the Stokes and anti-Stokes s
bands, as well as broadening of the individual lines. T
model also describes the Raman response in the tran
regime and accounts for the natural damping or relaxatio
excited states and saturation due to the population deple
of the ground state.

Stimulated Raman scattering can be understood thro
the energy level diagrams shown in Fig. 1. In our model,
molecular scatterer is assumed to have two rotational eig
states, 1~the ground state! and 2, with corresponding energ
levelsW1 andW2 , and an excited state, e.g., an electronic
translational state, with energyW3@W22W1 . Defining
Vnm5Vn2Vm , whereVn is the frequency associated wit
staten, it is assumed that the central laser frequencyv0
ÞV31, V32, so that state 3 is not populated, and thatV31,
V32@v0@V21, whereV21 is the rotational frequency.

The system is also assumed to possess inversion sym
try so that the energy eigenstates possess definite parity
Raman scattering to occur, the quantitiesm13 and m32 must
be nonzero, wheremmn is the dipole moment matrix elemen
associated with a transition from statem to n. Because of the
odd parity of the dipole operator, states 1 and 2 must pos
the same parity in order form13 and m32 to be nonzero.
Hence,m1250, indicating that direct transition from 1 to 2 i
forbidden so that an intermediate state, e.g., a virtual stat
needed to populate state 2.

Raman Stokes scattering consists of a transition from s
~1! to a virtual level associated with state~3! followed by a
transition from the virtual level to state~2!. In the process, a
photon with frequencyvs5v02V21, is emitted. Raman
anti-Stokes scattering consists of a transition from state~2! to
a virtual state followed by a transition from the virtual sta
to state~1! thereby emitting a photon of frequencyva5v0
1V21. Since the population of state~2! is much smaller than
that of state~1! in thermal equilibrium, the anti-Stokes line
are generally much weaker than the Stokes lines@3#.

The molecular wave functionC(r ,t) satisfies the time-
dependent Schro¨dinger equation, (Ĥ01V̂)C5 i\]C/]t,
whereĤ0(r ) is the unperturbed static Hamiltonian operat
The perturbing interaction operator is given byV̂(r ,t)
5m̂•E, where m̂5qr̂ is the electric dipole operator. Th
laser electric field,E5Eê' , is given by

E~r ,t !5~1/2!A~r ,t !exp@ i ~k0z2v0t !#1c.c., ~B1!

where A(r ,t) is the complex amplitude,k0 is the carrier
wave number,v0 is the carrier frequency,ê' denotes a unit
vector in the polarization direction, and c.c. denotes the co
plex conjugate. The wave function is expanded in terms
the stationary eigenstates ofĤ0 according to C(r ,t)
5(ncn(r ,t)exp(2iVnt)un(r ), whereun(r ) are the stationary
eigenstates associated with the unperturbed HamiltonianĤ0 ,
i.e., Ĥ0un5Wnun , andWn5\Vn5*un* Ĥ0und3r , is the en-
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ergy of thenth state. SubstitutingC(r ,t) into the Schro¨-
dinger equation, the coefficientscn are found to satisfy

]cn

]t
5

i

\ (
m51

3

cmmnm exp~2 iVmnt !E~r ,t !, ~B2!

wheremmn5*um* (r )(m̂•ê')un(r )d3r is the dipole transition
moment matrix element andVmn5Vm2Vn . The stationary
states are normalized such that*um* (r )un(r )d3r 5dmn ,
wherem,n51,2,3.

The polarization field is written asP[ P̃ê' , where

P̃5NE C* m̂Cd3r 5N (
m,n51

3

mmnrnm exp~ iVmnt !

~B3!

contains the fast oscillation at the laser frequency, and wh
N is the number density of molecules andrnm[cm* cn are the
density matrix elements. From Eq.~B2! we find that the
density matrix elements satisfy

]rnm

]t
5

i

\ (
,51

3

@mn,r,m exp~ iVnlt !

2m,mrn, exp~ iV lmt !#E~r ,t !, ~B4!

wherernm5rmn* and mnm5mmn* . The matrix elements sat
isfy the conservation lawr111r221r3351, wherernn rep-
resents the fractional population of thenth state~probability
that the molecule is in the energy eigenstaten). Since each
eigenstate has a definite parity and the dipole operatom̂
5qr̂ , has odd parity we find thatm115m225m3350. In what
follows, it is assumed that the laser carrier frequency is s
that V31, V32@v0@V21. Since the laser is not resona
with the transition frequenciesV31, V32, state 3 is not popu-
lated, i.e.,r3350, and we find

r13'
mE~r ,t !

\V31
@r11exp~2 iV31t !1r12exp~2 iV32t !#,

~B5a!

r32'
mE~r ,t !

\V31
@r22exp~ iV32t !1r12exp~ iV31t !#.

~B5b!

With these approximations the polarization field becomes

P̃5Nm@r31exp~2 iV31t !1r32exp~2 iV32t !#1c.c.,
~B6!

where m13'm235m is taken to be real. Substituting Eq
~B5a!, and~B5b! into Eq. ~B6! the polarization field can be
written asP̃5 P̃L1 P̃R , where

P̃L~r ,t !5xLE~r ,t ! ~B7a!

is the linear polarization field and

P̃R~r ,t !5xL@r12exp~ ivRt !1c.c.#E~r ,t !, ~B7b!
2-13
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is the nonlinear polarization field associated with stimula
Raman scattering. In Eqs.~B7!, xL[2Nm2/(\V) is the lin-
ear susceptibility,V5V31, andvR5V21 is the fundamenta
Raman frequency. In obtaining Eqs.~B7! we used the ap-
proximationr111r22'1, sincer33'0.

From Eq.~B4!, we find that

]r12

]t
52G2r121 i

m2uAu2

2\2V
W exp~2 ivRt !, ~B8a!

]W

]t
52~W2W0!G11 i

m2uAu2

\2V
@r12exp~ ivRt !2c.c.#,

~B8b!

where W5r222r11 is the population difference betwee
levels 2 and 1,W05W(t→2`) ~for a medium in which all
the molecules are initially in the ground state,W0521),
E25uA(r ,t)u2/2, i.e., the slowly varying part ofE2 is kept,
andG1 , G2 are phenomenological damping rates which ha
been included heuristically. The lifetime of the upper lev
due to, say, spontaneous radiation, is 1/G1 while the dephas-
ing time for the atomic dipole moment is 1/G2 whereG2 is
the characteristic transition linewidth.

Equations~B8! can be written in terms of Bloch func
tions,

]U

]t
5

VR
2

V
W

uA~r ,t !u2

A0
2 sin~vRt !2G2U, ~B9a!

]V

]t
5

VR
2

V
W

uA~r ,t !u2

A0
2 cos~vRt !2G2V, ~B9b!

]W

]t
52

VR
2

V

uA~r ,t !u2

A0
2 @U sin~vRt !1V cos~vRt !#

2G1~W2W0!, ~B9c!

whereU5r121r12* , V52 i (r122r12* ), VR5mA0 /\ is the
Rabi frequency, andA0 is the peak initial laser electric field
amplitude. The Rabi frequency in terms of the initial pe
laser intensity, I 0 , is VR52(m/\)(2pI 0 /n0c)1/2'5.6
3108@ I 0(W/cm2)#1/2 (rad/sec). Defining the Raman re
sponse function as Q[2 Re(r12e

ivRt)5U cos(vRt)
2Vsin(vRt), Eqs.~B9! can be written as

]2Q

]t2 1~vR
21G2

2!Q12G2

]Q

]t
52

m2

\2

vR

V
WuAu2,

~B10a!

]W

]t
5

m2/\2

vRV S ]Q

]t
1G2QD uAu22G1~11W!.

~B10b!

From Eq.~B9b! and the definition ofQ, the Raman polar-
ization field can be written as P̃R(r ,t)
5PR(r ,t)exp@ic(z,t)#êx/21c.c., in which the slowly varying
part is given byPR5xLQ(r ,t)A(r ,t).
05650
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APPENDIX C: DERIVATION OF COUPLED EQUATIONS
FOR STOKES AND ANTI-STOKES FIELDS

Writing the laser envelope and Raman polarization fu
tion asA5A01dA andQ5Q01dQ, where the equilibrium
quantities are given by Eqs.~12!, the linearized equations fo
the perturbed quantities are given by

S ¹'
2 12ik0

]

]z
2

2

vg

]2

]z]t
2k0b2

]2

]t2D dA

522
v0

2

c2 n0S ~2nK1nR!I 0dA1
cn0nK

8p
A0

2dA*

1
2px̂L

n0
A0dQD , ~C1a!

S ]2

]t2 12G2

]

]t
1V0

2D dQ5
m2

\2

vR

V
~A0* dA1A0dA* !,

~C1b!

where the dispersion relation for the pump is given byk0
5n0v0 /c. Substituting Eqs.~13! into Eqs.~C1! yields

Q̂~z!52
m2

\2

vR

V

uA0u
D~v!

@A2~z!exp@2 i ~k21k0!z#

1A1* ~z!exp@2 i ~k12k0!z##, ~C2a!

FD21kNL
2 12ik0S 12

v

k0vg
D ]

]zGA2~z!

522n0

v0
2

c2 S nKI 0A1* ~z!exp~ iDkz!

2
px̂L

n0
uA0uQ̂~z!exp@ i ~k01k2!z# D ,

~C2b!

FD11kNL
2 12ik0S 11

v

k0vg
D ]

]zGA1~z!

522n0

v0
2

c2 S nKI 0A2* ~z!exp~ iDkz!

2
px̂L

n0
uA0uQ̂* ~z!exp@ i ~k02k1!z# D ,

~C2c!

where

kNL
2 52

v0
2

c2 ~2nK1nR!I 0 ,

D6572k0k6S 16
v

k0vg
D2k'

2 1k0b2v2,

D~v!5V0
22v212iG2v,

Dk5k22k112k0 ,

k05v0~nK1nR!I 0 /c.
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Substituting Eq.~C2a! into Eqs.~C2b! and ~C2c! results in

FN112ik0S 11
v

k0vg
D ]

]zGA1~z!

5g* ~v!@A1~z!1A2* ~z!exp~ iDkz!#, ~C3a!

FN212ik0S 12
v

k0vg
D ]

]zGA2~z!

5g~v!@A2~z!1A1* ~z!exp~ iDkz!#, ~C3b!

where N6[D612k0k0 and g(v)[22(v0
2/c2)n0$nK

1nR@V0
2/D(v)#%I 0 . The conditionN650 is the dispersion

relation which relatesv, k6 , andk' by

k656
k0b2v22k'

2 12k0k0

2k0~16v/k0vg!
, ~C4!

from which it follows that

Dk52k02
k0b2v22k'

2 12k0k0

k0~12v2/k0
2vg

2!
. ~C5!

Applying the conditionN650 allows Eqs.~C3! to be
written as

]A1~z!

]z
5G1@A1~z!1A2* ~z!exp~ iDkz!#, ~C6a!

]A2~z!

]z
5G2@A2~z!1A1* ~z!exp~ iDkz!#, ~C6b!

where

G6[ i
v0

c S 16
v

k0vg
D 21S nK1nR

V0
2

V0
22v272iG2v D I 0 .

~C6c!

Equations~C6! can be written as

S ]

]z
2G21 i

Dk

2 DF2~z!5G2F1* ~z!, ~C7a!

S ]

]z
2G1* 2 i

Dk

2 DF1* ~z!5G1* F2~z!, ~C7b!

whereF6(z)[A6(z)exp(2iDkz/2). Equations~C7! can be
combined into a single equation forF2(z), i.e.,

S ]

]z
2G1* 2 i

Dk

2 D S ]

]z
2G21 i

Dk

2 DF2~z!5G2G1* F2~z!,

~C8!
s,
ll,
e,
tt

,

05650
which can be solved by lettingF2(z)5F2(0)exp(gz) and
solving for the unknown spatial growth rateg through the
equation

S g2G1* 2 i
Dk

2 D S g2G21 i
Dk

2 D5G2G1* . ~C9!

Equation~C9! has the two solutions

g65
1

2 H G21G1* 6F ~G21G1* !2

22iDkS G22G1* 2 i
Dk

2 D G1/2J . ~C10!

When the two values ofg are distinct, the general solutio
for the Stokes and anti-Stokes wave amplitudes are given

A2~z!5@a1 exp~g1z!1a2 exp~g2z!#exp~ iDkz/2!,
~C11a!

A1* ~z!5@b1 exp~g1z!1b2 exp~g2z!#exp~2 iDkz/2!,
~C11b!

where the constantsa6 andb6 are determined by impose
boundary conditions and are related by

b65S g61 i ~Dk/2!2G2

G2
Da6 . ~C12!

The constantsa6 can be written in terms of the initial (z
50) amplitudesA2(0) andA1(0), i.e.,

a657
1

g12g2
@~g71 i ~Dk/2!2G2!A2~0!2G2A1* ~0!#.

~C13!

It can be shown using Eq.~C10! that the two solutions forg
satisfy the relationship

@g12G21 i ~Dk/2!#@g22G21 i ~Dk/2!#52G2G1* .
~C14!

Using Eqs.~C12!, ~C13!, and~C14!, the coefficientsb6 can
be written as

b656
1

g12g2
$@g61 i ~Dk/2!2G2#A1* ~0!1G1* A2~0!%.

~C15!

Various limiting cases of Eqs.~C10! and~C12! are analyzed
in the main body of the paper.
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